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Empirical distribution

Definition 0.1 (Empirical distribution). For observed values zq, ..., z,,, the empirical
distribution is the distribution of a value chosen at random from the sample, each of
the n observations being equally likely: the probability that the value falls in a set A is

17’1
— 1(z; € A).
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Source: Wikipedia contributors [1].

Example 0.1 (Numerical example: empirical distribution). Suppose the observed values
are 4,1,7,3,son =4, and let A =[2,5). Two of the four values (4 and 3) lie in A, so the
empirical distribution gives A probability 2/4 = 0.5. Each observed value has probability
1/4, and any set containing none of them has probability 0.

Remark (What “empirical” means)

Remark (What “empirical” means). “Empirical” means computed from the observed
data, not from a model or a population. An empirical quantity is the matching population
quantity with the population distribution replaced by the empirical distribution. For
example, the mean of the empirical distribution is the sample mean, and its CDF is
the empirical CDF. Machine learning uses the same replacement to turn the risk of a
prediction model into its empirical risk.

Because it needs only the data in hand, an empirical quantity can always be computed,
and it serves as an estimate of the population quantity it mimics. The bootstrap rests on
this replacement: it estimates the variability of a statistic by sampling from the empirical
distribution [2, Sec. 7.11], p. 250, [3].


https://morrison-lab.github.io/pds/probability-basics.html#def-random-choice
exploratory-descriptive.qmd#def-population-distribution
exploratory-descriptive.qmd#def-sample-mean

Empirical CDF

Definition 0.1 (Empirical CDF). For observed values z, ..., x,,, the empirical cumu-
lative distribution function (empirical CDF) is the CDF of the empirical distribu-
tion, the function

~ 1 &
F(t) d:EfEZI(xjgt), teR,
j=1

where I(A) is the indicator function: I(A) =1 if A holds, and I(A) = 0 otherwise.
Source: Wikipedia contributors [4].

Example 0.1 (Numerical example: empirical CDF). Suppose the observed values are
4,1,7,3, so n = 4. Two of the four values (1 and 3) are at most 3.5, so:

~ 1

F(3.5) = (I(4<35) + I(1<3.5) + I(T<35) + I(3<3.5)) (definition of F)
1
= Z(O +1+0+1) (evaluate each indicator)
=0.5 (arithmetic)

Similarly, F'(0) = 0, because no value is at most 0, and F'(7) = 1, because every value is
at most 7.

Read

Rice [5, Sec. 10.2.1], pp. 378-379 covers the empirical CDF.

Order statistics

Definition 0.1 (Order statistics). For observed values z, ..., z,, the order statistics
are the same values sorted in increasing order, written
T) S Tg) S0 S I

So z(7) is the smallest value and z,) is the largest.
Source: Wikipedia contributors [6].


https://morrison-lab.github.io/pds/random-variables.html#def-cdf
https://morrison-lab.github.io/mcs/functions.html#def-function

Example 0.1 (Numerical example: order statistics). If the observed values are 4, 1,7, 3,
then the order statistics are Ty = 1, T(g) = 3, T(g) = 4, and Ty = 7.

Read

o Hogg et al. [7, Sec. 6.3], pp. 256-263 covers order statistics.
o Casella and Berger [8, Sec. 5.4], pp. 226-231 covers order statistics.

Sample quantiles

Definition 0.1 (Sample quantile function (empirical quantile function)). Given an em-
pirical CDF F'| the sample quantile function (also called the empirical quantile
function) is

Q) Einf{t: F(t) > p}, 0<p<L.

Source: Wikipedia contributors [9].

Definition 0.2 (Sample p quantile (sample 100pth percentile)). For a given p, the value
Q(p) of the sample quantile function is the sample p quantile, also called the sample
100pth percentile.

The CDF F and the quantile function () describe a probability distribution, while F and @
describe a sample, and serve as estimates of F' and ().

Theorem 0.1 (Order-statistics form of the sample quantile). If z(y) < <z, are the
order statistics and © € {1,...,n}, then Q(p) = ;) for every p with (i —1)/n <p <i/n.
In particular, @(z/n) = ;).

Proof
Proof. Let p satisfy (i —1)/n <p <i/n.

For any t < x(;), the n —i+1 values z;, ...,z
at most ¢, and:

n) all exceed t, so at most ¢ —1 values are


https://morrison-lab.github.io/pds/random-variables.html#def-cdf
https://morrison-lab.github.io/pds/random-variables.html#def-quantile-function

F(t) < (at most ¢ — 1 indicators equal 1)
n
<p (choice of p)
So no ¢t < z(; belongs to the set {t : F(t) > p}.
At t = z;), the i values zq), ..., z; are all at most z(;), so:
F (xm) > % (at least ¢ indicators equal 1)

>p (choice of p)

So z(;) belongs to the set, and it is the smallest member of the set, because no smaller ¢
belongs to it. Therefore Q(p) = T(;)- O

Example 0.1 (Numerical example: sample quantiles). Using the same data 4,1,7,3,
with order statistics 1,3,4,7, Theorem 0.1 says the sample quantile function is a step
function:

. C:)(p)zlfor0<p£1/4;
e Q(p)=3for1/4 <p<1/2
e Q(p) =4for 1/2 <p < 3/4
« Qp)=Tfor3/a<p<l.

So Q(0.5) = 3 and Q(0.9) = 7. R’s quantile() function computes this definition when
called with type = 1:

quantile(c(4, 1, 7, 3), probs = c(0.5, 0.9), type = 1)
#> 50% 90%
#> 3 7

i Remark (Quantile conventions)

Remark 0.1 (Quantile conventions). Other sources, and other software defaults, de-
fine sample quantiles differently, mostly by interpolating between order statistics. R’s
quantile() offers nine definitions through its type argument, and its default (type =
7) interpolates, so quantile(c(4, 1, 7, 3), 0.5) returns 3.5, not 3. The usual sample
median is another interpolated quantile: for an even number of observations, it averages
the two middle order statistics. These notes use Definition 0.1, which always returns one
of the observed values.



Read

Hogg et al. [7, Sec. 7.5], pp. 337-343 covers distribution-free confidence intervals for
percentiles.

The empirical CDF and quantile function as generalized inverses

Both functions in Figure 1 are step functions, so neither is one-to-one. Each flat piece of one
function corresponds to a jump of the other: for example, F(t (t) = 0.5 for every t € [3,4), and
Q jumps from 3 to 4 at p = 0.5. So Q is a generalized inverse of F not an inverse in the usual
sense: Q(F(t)) < t for every t > (1), with equality only at the observed values.

Read

These readings look ahead from the empirical CDF to distribution-free tests, which this
page does not cover:

o Hogg et al. [7, Sec. 8.5, pp. 392-402 covers some distribution-free tests.
o Rice [5, Sec. 11.2.3], pp. 435-442 covers the Mann—Whitney test.
 Rice [5, Sec. 11.3.2], pp. 448-449 covers the signed rank test.

 Rice [5, Sec. 12.2.3], p. 488 covers the Kruskal-Wallis test.
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x <- c(4, 1, 7, 3) eqf_y_padding <- 0.5

n <- length(x) q_left <- c(0, p_ord[-n])

x_ord <- sort(x) g_right <- p_ord

p_ord <- seq_len(n) / n eqf_pieces <- tibble::tibble(x = q_left, xend = q_rig}
ecdf_x_padding <- 0.8

x_min <- min(x_ord) - ecdf_x_padding ggplot2::ggplot(eqf_pieces) +

x_max <- max(x_ord) + ecdf_x_padding ggplot2: :geom_segment (
ggplot2::aes(x = x, xend = xend, y = y, yend = y)
x_left <- c(x_min, x_ord) linewidth = 1, color = "blue"
x_right <- c(x_ord, x_max) ) +
f_levels <- c(0, p_ord) ggplot2: :geom_point(ggplot2::aes(x = x, y = y), shaj
ggplot2: :geom_point (

ecdf_pieces <- tibble::tibble(x = x_le: ggplot2::aes(x = xend, y = y), shape = 19, color :
ecdf_open <- tibble::tibble(x = x_ord, ) +
ecdf_closed <- tibble::tibble(x = x_or« ggplot2::coord_cartesian(
xlim = c(0, 1),
ggplot2: :ggplot() + ylim = c(min(x_ord) - eqf_y_padding, max(x_ord) +
ggplot2: :geom_segment ( ) +
geplot2::aes(x = x, xend = xend, y ggplot2::labs(

data = ecdf_pieces, linewidth = 1, x = "Probability, p",
) + y = expression("Sample quantile, " * hat(Q) (p))
gegplot2: :geom_point ( ) +
ggplot2::aes(x = x, y = y), data = ggplot2::theme_minimal()
)
ggplot2: :geom_point(
ggplot2::aes(x = x, y = y), data = 1
) + 6
ggplot2: :coord_cartesian(xlim = c(x_m &
ggplot2: :labs( 7
x = "Value, t", ED
y = expression("Empirical CDF, " * E
) + 3 1
ggplot2: :theme_minimal () wz
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Figure 1: The empirical CDF and the sample quantile function for the data 4, 1, 7, 3 (order
statistics 1, 3, 4, 7).
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