Correlation and Simple Linear Regression

Last modified: 2026-11-12 22:02:32 (PST)

This page reviews two ways to relate two continuous variables: correlation coefficients, with
tests of whether they differ from zero, and simple linear regression. It uses the t¢ reference
distribution defined on the Statistical Inference page. This page is adapted from Vittinghoff
et al. [1], Chapter 3.

The HERS data

The examples on this page use the HERS data, which the Comparing Means page describes.
The rmb R package includes the dataset; haven: :as_factor () converts its Stata value labels
to factors:

hers <- rmb::hers |> haven::as_factor()
hers |> head()
#> # A tibble: 6 x 37

#> HT age raceth nonwhite smoking drinkany exercise physact globrat poorfair
#> <fct> <dbl> <fct> <fct> <fct> <fct> <fct> <fct> <fct> <fct>
#> 1 plac~ 70 Afric~ yes no no no much m~ good no

#> 2 plac~ 62 Afric~ yes no no no much 1~ good no

#> 3 horm~ 69 White no no no no about ~ good no

#> 4 plac~ 64 White no yes yes no much 1~ good no

#> 5 plac~ 65 White no no no no somewh~ good no

#> 6 horm~ 68 Afric~ yes no yes no about ~ good no

#> # 1 27 more variables: medcond <dbl>, htnmeds <fct>, statins <fct>,

#> # diabetes <fct>, dmpills <fct>, insulin <fct>, weight <dbl>, BMI <dbl>,

#> #  waist <dbl>, WHR <dbl>, glucose <dbl>, weightl <dbl>, BMI1 <dbl>,

#> # waistl <dbl>, WHR1 <dbl>, glucosel <dbl>, tchol <dbl>, LDL <dbl>,

#> #  HDL <dbl>, TG <dbl>, tcholl <dbl>, LDL1 <dbl>, HDL1 <dbl>, TGl <dbl>,

#> #  SBP <dbl>, DBP <dbl>, agelO <dbl>
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Correlation

Testing the Pearson correlation

Definition 0.1 (Population correlation). The population correlation of two random
variables X and Y with positive variances is

def Cov(X,Y)

-~ /Var(X)Var(Y)’

where Cov(X,Y) is their covariance.
Source: Wikipedia contributors [2].

Remark (The sample correlation estimates the population correlation)

Remark 0.1 (The sample correlation estimates the population correlation). The Pearson
correlation coefficient r of a sample is the corresponding sample statistic, and estimates

p.

Definition 0.2 (Test of zero correlation). Let r be the Pearson correlation coefficient
of n > 3 pairs, with |r| < 1. The t-test of zero correlation of H, : p = 0 against
H, : p # 0 (Definition 0.1) uses the statistic

Its p-value is Pr(|T| > |t|), where T has the ¢, _, distribution (t-distribution).

Theorem 0.1 (Null distribution of the correlation t statistic). Let the pairs
(X1, Y7),...,(X,,,Y,) be independent, and let each Y;, given Xi,...,X,, be Gaussian
with a mean and variance that do not depend on the X wvalues. Then the statistic t of
Definition 0.2 has the t,_, distribution [3, Sec. 9.6], pp. 472-473:

t~1

n—2*

Remark (When the conditions hold)

Remark 0.2 (When the conditions hold). The conditions of Theorem 0.1 hold, for exam-
ple, when the pairs are independent draws from a bivariate Gaussian distribution with
p=0.
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Example 0.1 (Correlation between BMI and fasting glucose in HERS). Figure 1 plots
baseline fasting glucose against BMI.

hers |[>
dplyr::filter(!is.na(BMI)) [>
ggplot2: :ggplot() +
ggplot2::aes(x = BMI, y = glucose) +
ggplot2: :geom_point(alpha = 0.3) +
ggplot2: :geom_smooth(method = "1m", formula =y ~ x) +
ggplot2: :labs(
x = "BMI (kg/m~2)",
y = "Fasting glucose (mg/dL)"
)
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Figure 1: Baseline fasting glucose against BMI in HERS, with the least-squares line

The statistic of Definition 0.2, using the 2758 participants with a BMI measurement:



hers_bmi <- hers |> dplyr::filter(!is.na(BMI))

r <- cor(hers_bmi$BMI, hers_bmi$glucose)

n <- nrow(hers_bmi)

t_cor <- r * sqrt(n - 2) / sqrt(1 - r~2)

c(r =r, t = t_cor, p_value = 2 * pt(-abs(t_cor), df = n - 2))
#> r t p_value

#> 2.72664e-01 1.48779e+01 3.24201e-48

cor.test () reports the same values, and a confidence interval for p:

cor.test (hers$BMI, hers$glucose, method = "pearson")
#>

#> Pearson's product-moment correlation

#>

#> data: hers$BMI and hers$glucose

#> t = 14.88, df = 2756, p-value <2e-16

#> alternative hypothesis: true correlation is not equal to O
#> 95 percent confidence interval:

#> 0.237760 0.306865

#> sample estimates:

#> cor

#> 0.272664

The correlation is positive but modest: glucose tends to be higher at higher BMI, with
wide scatter around the line in Figure 1.

i Read

o Hogg et al. [3, Sec. 9.6], pp. 471-476 covers tests concerning regression and corre-
lation.
 Rice [4, Sec. 14.2.3], pp. 560-563 covers correlation and regression.

Spearman rank correlation

Definition 0.3 (Spearman rank correlation). Replace each x; by its rank u; among
Zq,...,,, and each y,; by its rank v, among y,, ..., y,,, giving tied values the average of
the ranks they span. The Spearman rank correlation rg is the Pearson correlation

coefficient evaluated at the rank pairs:
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def
Ts = T((ulvvl)7 ) (un’vn»'

Source: Wikipedia contributors [5].

1 Remark (What the Spearman correlation measures)

Remark 0.3 (What the Spearman correlation measures). Because ranks depend only on
the ordering of the values, rg measures how close the association is to monotone, whether
or not it is linear, and a single extreme value moves rg less than it moves 7.

Example 0.2 (Spearman correlation between BMI and fasting glucose in HERS). The
Pearson correlation of the ranks (Definition 0.3), and cor.test ()’s Spearman test (exact
= FALSE, because tied values rule out the exact p-value):

hers_bmi <- hers |> dplyr::filter(!is.na(BMI))

cor (rank (hers_bmi$BMI), rank(hers_bmi$glucose))

#> [1] 0.333751

cor.test(hers_bmi$BMI, hers_bmi$glucose, method = "spearman", exact = FALSE)
#>

#> Spearman's rank correlation rho

#>

#> data: hers_bmi$BMI and hers_bmi$glucose

#> S = 2.33e+09, p-value <2e-16

#> alternative hypothesis: true rho is not equal to O
#> sample estimates:

#> rho

#> 0.333751

rg is larger than the Pearson r of Example 0.1: the association is closer to monotone
than to linear.

Simple linear regression

Model specification

Definition 0.1 (Conditional Gaussian model). A conditional Gaussian model for
outcomes Y7, ..., Y, with covariate values x, ..., x,, (each a single value or a vector) says

that, given the covariates, the outcomes are independent and Gaussian: outcome Y, is



centered on a mean function u(x) evaluated at x;, and has its own variance o?:

Y, | X, =2, ~ N(:uiao-zz)?

def
My = N(%)

Definition 0.2 (Deviation from the conditional mean). In a conditional Gaussian model
(Definition 0.1), the deviation d; of outcome Y is its deviation from its population mean,
taking the mean conditional on X, = x;:

d; €Y, — ulx,).

Exercise 0.1 (Decomposing an outcome). Express each outcome Y, in a conditional

Gaussian model (Definition 0.1) in terms of its conditional mean u,; and its deviation d,
(Definition 0.2).

Solution

Solution 0.1. Check that Y; = p, + d;, starting from the right-hand side:

w; +d; = p(x;) + (definition of ;)
p(zx;) + ( — p(z;)) (definition of d,)
p(x;) +Y, —u(x;)  (remove the parentheses)
=Y, + p(z;) —p(x;)  (reorder the terms)
=Y, + (u(x;) — p(z;)) (group the last two terms)
=Y, +0 (a—a=0)
_y, (a+0=a)
SoY; = p; +d,.

Alternatively, solve the definition of d, for Y;:
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d, =Y, — p(z;) (definition of d,)
d;, + p(z;) =Y, — p(x,) + p(z;) (add p(z;) to both sides)
d; + p(x;) =Y, + (—u(z;)) + p(z;) (subtracting is adding the negative)
d;, + p(z;) =Y, + (—p(z;) + p(z;)) (group the last two terms)
d; + plz;) =Y; +0 (—a+a=0)
d; + p(z;) =Y, (a+0=na)
Y, =d; + p(z;) (swap the two sides)
Y, = p(x;) +d; (reorder the terms)
Y, = p; +d; (definition of ;)

Theorem 0.1 (Additive form of the conditional Gaussian model). In a conditional Gaus-
sian model (Definition 0.1), each outcome is its conditional mean plus its deviation (Def-
inition 0.2):

Y; = p; +d;.

1 Proof

Proof. This is the solution to Exercise 0.1. O

Exercise 0.2 (Distribution of the deviations). Find the joint distribution of the devia-
tions (Definition 0.2) in a conditional Gaussian model (Definition 0.1), given the covariate
values.

Solution

Solution 0.2. Every probability, CDF and density in this solution is conditional on X, =
x;; the condition is left out of the notation to keep the lines short. Write Fy; and f; for
the CDF and density of d,, and Fy and fy- for those of Y.

First, the CDF of d;:

Fy(t) =Pr(d; <t) definition of a CDF)
=Pr(Y, — pu(z;) <t) (definition of d,)
- PI“(Yz —py <t

(
(
(definition of ;)
(add p,; to both sides of the inequality)
(

definition of a CDF)
Differentiating gives the density:
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fs(t) = = Fy(t) (a density is the derivative of its CDF)

= Jylt+ ) (i) (chain ule)

The inner derivative:

6875 (t+p;) = 8tt + Batui (derivative of a sum)
=140 (u; does not depend on t)
=1 (add)

Plugging the inner derivative back in, and using the Gaussian density of Y;, which has
mean y; = pu(z;) and variance o2 (Definition 0.1):

o) = fy(t+p,) -1 (inner derivative is 1)
= fy(t+ ) (multiply by 1)
1 _((tJrHi)*Mi)Q
= 5-¢ 2% (Gaussian density with mean ;)
T
1 2
= e 7% (subtract)
2m

The last line is the density of N(0,0?), so d; | X; = z; ~ N(0,07).
For independence, factor the joint CDF of di, ..., d,,, using the same CDF step as above
for each ¢ and the independence of the Y; given the covariates (Definition 0.1):

Pr(d, <ty,...,d, <t,) = Pr(Yl <t,+py,...,Y, <t,+u, (add p; to both sides of each inequality)

= H Pr(Y;, <t,+pu,) (the Y, are independent)
n
H r(d; <t;) (subtract p; from both sides of each inequalit;
i=1

The joint CDF is the product of the marginal CDFs, so dy, ..., d,, are independent. Given
the covariate values, the deviations are therefore independent, with d; | X; = z; ~
N(0,02).

Theorem 0.2 (Distribution of the deviations). In a conditional Gaussian model (Def-

inition 0.1), given the covariates, the deviations (Definition 0.2) are independent and

Gaussian with mean 0 and variance o2 :
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d | X, =2, ~y N(O,a?).

Proof

Proof. This is the solution to Exercise 0.2. O

Definition 0.3 (Homoskedastic model). A conditional Gaussian model (Definition 0.1)
is homoskedastic if all outcomes share one variance o2, which does not depend on i:

2 — 52 for all i.

o =

Source: Wikipedia contributors [6].

Corollary 0.1 (Deviations in a homoskedastic model). In a homoskedastic model (Def-
inition 0.3), the deviations (Definition 0.2) all have the same variance o*:

Proof

Proof. By Theorem 0.2, d; | X; = z; ~, N(0,07), and Definition 0.3 sets 02 = o for
all 1. ]

Definition 0.4 (Linear regression model). A linear regression model is a homoskedas-
tic (Definition 0.3) conditional Gaussian model (Definition 0.1) whose mean function is
linear in p covariates, where observation 7 has covariate values z; = (2;1,...,

ip)

P
def
M($17 7$p> = ﬁO + zﬁxj‘rj
=1

Source: Wikipedia contributors [7].

Definition 0.5 (Simple linear regression model). A simple linear regression model
is a linear regression model (Definition 0.4) with p = 1 covariate X, writing x, for z;;:

w(z) = By + B,z

Source: Wikipedia contributors [8].



Definition 0.6 (Intercept). In a simple linear regression model (Definition 0.5), the
intercept is 5, = ©(0): the mean of Y among observations with X = 0.

Definition 0.7 (Slope). In a simple linear regression model (Definition 0.5), the slope
is 5, = p(z+1)—p(x): the difference in the mean of Y between two groups whose values
of X differ by one unit.

Remark (Interpreting the variance parameter)

Remark 0.1 (Interpreting the variance parameter). o2 is the variance of Y around its
mean at each value of X.

Ordinary least squares estimation

Definition 0.8 (Residual sum of squares). For a regression model whose conditional
mean j(x; ¢) depends on a parameter vector 6, the residual sum of squares at ¢ is the
sum of the squared residuals &, (6) & y; — (x5 0) that the model has when its parameters
equal 0:

def N

RSS(0) 2, (0)2.
i—1

At the estimate Q, él(é) is the residual ; of the fitted model.
Source: Wikipedia contributors [9].

Example 0.1 (Residual sum of squares of a simple linear regression). The mean function
of a simple linear regression model has parameter vector 0 = (3, 3, ), so write RSS(5y, 3,)
for its residual sum of squares (Definition 0.8):

NgE

RSS(By, B.) = Y &;(By,B:)? (definition of RSS)

1

S
Il

I
[M]=

(i — (3 B, B,))? (definition of 2,(6))
1

<.
Il

(y; — (Bo + Byx;))?  (definition of p(x))

I
&M:

@
Il
i

I
.M3

N
Il
,_.

(y; — By — Bex;)? (distribute the minus sign)

10
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Example 0.2 (Residual sum of squares of a line through three points). For the points
(0,1), (1,2), (2,2) and the line with S, = 1 and 8, = 0.5 (Example 0.1), the residuals
are 1 —1=0,2—15=0.5,and 2—2=0, so
RSS(1,0.5) = 0% 4 0.5% + 02
=0.25
(Figure 2).
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rss_points <- tibble::tibble(x = c(0, 1, 2), v = c(1, 2, 2)) [>
dplyr::mutate(fitted = 1 + 0.5 * x)

ggplot2: :ggplot(rss_points, ggplot2::aes(x = x,
ggplot2: :geom_abline(intercept = 1, slope = 0.
ggplot2: :geom_segment (

ggplot2: :aes(xend = x, yend
linetype = "dashed",

y =y +
5) +

fitted),

color = "firebrick"
) +
ggplot2::geom_point(size = 3) +
ggplot2::coord_cartesian(xlim = c(-0.25, 2.25), ylim = c(0.75, 2.25))
2.0+ o
I
|
}
1
}
1
> 1.5+
1.0+
0.0 05 1.0 15 2.0

Figure 2: The three points, the line with intercept 1 and slope 0.5, and the one nonzero
residual (dashed)

Exercise 0.3 (Sample mean squared error and residual sum of squares). For a regres-
sion model with conditional mean p(z;6), let y; o p(z;;0) be its predictions of n > 1
outcomes Yy, ..., Y, and let RSS(6) (Definition 0.8) be taken over those same outcomes.

Express the sMSE of these predictions in terms of RSS(¢), and RSS(¢) in terms of that
sMSE.

12
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Solution

Solution 0.3. First, each squared prediction error equals the squared residual at 6:

€ definition of prediction error)

pred? = (
(definition of g;)
= (—(y; — m(x;50)))* (factor out —1)
2 (definition of £,(0))
=&,(0)? ((—a)? = a?)

<.
Il
—

Z gz(Q)Z <€predj = gz(g)z)
=1
RSS(9) (definition of RSS)

Solving for RSS(0):

1
sMSE(y) = ERSS(@ (result above)
nsMSE(y) = RSS(0) (multiply both sides by n)

~

y
RSS(¢) = nsMSE(y) (swap the two sides)

Theorem 0.3 (Sample mean squared error is the residual sum of squares divided by
n). For a regression model with conditional mean u(x;0), the sMSE of its predictions
Ui = w(x;;0) of n > 1 outcomes yy,...,y, and the residual sum of squares RSS(0)
(Definition 0.8) over those same n outcomes satisfy

SMSE(j) = %RSS(Q),

and equivalently

RSS(6) = nsMSE(j).

1 Proof

Proof. Both equations are derived in Exercise 0.3. O

13
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i Remark (The same observations on both sides)

Remark 0.2 (The same observations on both sides). The identities in Theorem 0.3 need
the sMSE and the residual sum of squares to be taken over the same n observations. The
RSS minimized in fitting is taken over the fitting data, so dividing it by n gives the sMSE
on the fitting data, not the sMSE of predictions of new outcomes.

Definition 0.9 (Ordinary least squares). The ordinary least squares (OLS) esti-
mate of a model’s parameter vector 6 is the value of 6 that minimizes the residual sum
of squares:

= arg mgin RSS(0).

D)

Source: Wikipedia contributors [10].

Example 0.3 (OLS estimates of a simple linear regression). For a simple linear re-
gression, the OLS estimates (Definition 0.9) BAO and Bx are the values of 3, and 3, that
minimize RSS(5,, 5,) from Example 0.1. Figure 3 shows RSS(5,, 5,) for the three points
of Example 0.2: the OLS estimates sit at the bottom of the bowl, and the line of Exam-
ple 0.2 sits higher up.
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rss_grid <- expand.grid(
b0 = seq(0, 2.5, length.out = 101),
bx = seq(-0.5, 1.5, length.out = 101)
)
rss_grid$rss <- mapply(
function(b0, bx) sum((rss_points$y - b0 - bx * rss_points$x)~2),
rss_grid$bo,
rss_grid$bx

)
ols_coefs <- coef(lm(y ~ x, data = rss_points))
ggplot2: :ggplot(rss_grid, ggplot2::aes(x = b0, y = bx, z = rss)) +
ggplot2: :geom_contour (
ggplot2::aes(color = ggplot2::after_stat(level)),
breaks = ¢(0.25, 0.5, 1, 2, 4, 8)

) +
ggplot2: :annotate(

"point",

x = ols_coefs[[1]], y = ols_coefs[[2]], size = 3
) +

ggplot2: :annotate("point", x = 1, y = 0.5, shape = 4, size = 3) +
ggplot2: :labs(
x = expression("Intercept, " * betal0O]),

y = expression("Slope, " * betalx]),
color = "RSS"
)
1.51
1.0+
x
a
S 05
o
wn
0.0
—-0.54
0.0 0.5 1.0 15 2.0 2.5
Intercept 3,
rss IR
2 4 6 8
15
ols_coefs
#> (Intercept) X
#> 1.16667 0.50000

Figure 3: Contours of RSS(f,, 3,) for the three points of Example 0.2. The dot marks



(This 3D surface is interactive; see the HTML or slide version of this page to view it.)

Figure 4: Surface of RSS(f,, 5,) for the three points of Example 0.2. The dot at the
bottom of the bowl marks the OLS estimates; the cross marks the line of
Example 0.2.

Definition 0.10 (Normal equations). For a model fitted by least squares with parameter
vector ¢, the normal equations set the gradient of the residual sum of squares to zero:

0
a—QRSS(Q) = 0.

Example 0.4 (Normal equations of a simple linear regression). For a simple linear regres-
sion, the parameter vector is 3 def (Bo, Bw)T, and RSS(3) is RSS(3,, 8,) from Example 0.1.
Its gradient has one entry per coefficient, so the normal equations (Definition 0.10) are
two scalar equations:

ORSS _ ~ ORSS _

=0, 0.
8&0 8ﬁw

Definition 0.11 (Centered sums of squares). For data (zy,v;),...,(2,,¥,), the cen-
tered sums of squares of the x; and of the y, are

n n

def _ def _
sz = Z(xz 7:6)27 Syy = Z(yz 7y)2

i=1 =1

Definition 0.12 (Centered sum of cross-products). For the data of Definition 0.11, the
centered sum of cross-products is

n

Suy =3 (a; — T)(y; — 7).

=1

Exercise 0.4 (Summing the deviations from the sample mean). Find Z?: [z — ).
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Solution

Solution 0.4.

3
3
3

Z(wZ —x) = Z x; — y x (distribute the sum over the terms)
i=1 i—1 i1
n
=Y x,—nzx (sum of a constant)
i—1
n
=nIx —nr (ZQI:Z = nx)
=1
0 (subtract)

The same steps with y; in place of x; show that Z?zl(yi —y)=0.

Lemma 0.1 (Deviations from the sample mean sum to zero). For any data zq,...,z,

with sample mean z (for example, the x; or the y,), the deviations from the sample mean
sum to zero:

n

Z(Zz —z) =

i=1

i Proof

Proof. This is the solution to Exercise 0.4. O

Exercise 0.5 (Expanding the centered sum of squares). Expand the centered sum of

squares S, (Definition 0.11) into an expression in terms of n, Z?: L r? and 7.

17



Solution

Solution 0.5.

S = Z(ar:Z — )2 (definition of S, )
i—1
= Z(a:? — 2%z, + %) (expand the square)
i=1

I
8
=0

n n
‘ — Z 2zz; + Z 72 (distribute the sum over the terms)
i=1 i=1

=1
ln n n

= Z x? — 2% ZJSZ + 252 (constant factor out of the sum)
=1 i=1 =1

(sum of a constant)

I
M=

s&[\’)

|

&
]

3

+

5

i—1 =1

n n
:Z::Uf—2:542954—71:52 (lezni)

=1 =1

n
= a? —2mi? + nz’ (multiply)

=1

n
=Y 22— nz? (collect the z2 terms)

N
Il
—

Lemma 0.2 (Expanded centered sum of squares). The centered sum of squares S,
(Definition 0.11) equals

n
_ 2 =2
Spw = E x; —nxc.
i=1

Proof

Proof. This is the solution to Exercise 0.5. O

Exercise 0.6 (Expanding the centered sum of cross-products). Expand the centered
sum of cross-products S, (Definition 0.12) into an expression in terms of n, Z?:l Yy,
z and .
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Solution

Solution 0.6.

n

Spy = (;—T)(y; — 1) (definition of S,,)

i—1

= Zn:(xyl —yx, — Ty; + TY) (expand the product)
i=1

= Z Ty, — Z yr; — Z TY; + i (distribute the sum over the terms)

i—1

- Z T,y — Zx - Zyl i zy (constant factors out of the sum)

=1 =1

= Zn: x;Y; — ng:pi -z Zyz + nxy (sum of a constant)
=1 =1 =1
=Y g —§0F —F 0 + 05 =i, 3 s =)

i1 =1 =1
= Z L1; — NEY — NIy + Ly (multiply)
= Z z;Y; — 2nTy + nTy (add the two equal terms)
=
= Z x;y; — nTyY (add the remaining term)

Lemma 0.3 (Expanded centered sum of cross-products). The centered sum of cross-
products S,,, (Definition 0.12) equals

zn: — nTyY.

i Proof

Proof. This is the solution to Exercise 0.6. O

Exercise 0.7 (Derivative of RSS with respect to the intercept). Find the partial deriva-
tive of the simple linear regression residual sum of squares RSS(f,, 5,) (Example 0.1)
with respect to the intercept, O9RSS/90,,.
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Solution

Solution 0.7. Differentiate one operation at a time, starting from the definition (Exam-
ple 0.1):

ORSS 0 < 9 _
=32 ; — BPo — Pz definition of RSS
860 8/80 ;(yl BO Bw z) ( )

= 2 78 (y; — By — Boy)? (derivative of a sum)
i=1 aﬁﬂ
n a '

= Z 2(y; — By — 511%)%(% — By — Byx;) (chain rule)
i=1 0

The inner derivative is:

0 dy, 0B, 9O(B,z;) o
—(y; — By — Byx;) = ==+ — — — ——=—"= (derivative of a sum
o5,V 0T =g, " op, 0B, | )
=0—-1-0 (y; and ,z; do not depend on f)
=—1 (subtract)

ORSS

T &
2

2(y; — By — Byx;)(—1) (inner derivative is —1)

—2(y; — By — B,x;) (multiply 2 by —1)

3

=—-2> (y; — By — Bz;) (constant factor out of the sum)

Exercise 0.8 (Derivative of RSS in terms of the means). In the setting of Exercise 0.7,
write the partial derivative in terms of x and y.

Solution

Solution 0.8. Write the derivative from Exercise 0.7 in terms of z and ¥:
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ORSS _ —2 Z( — By — Brx;) (derivative of the RSS)

=2 Z Z Bo — Zﬁmxz) (distribute the sum over the terms)

(sum of a constant)

= -2 Z —npy — B, Z x; ) (constant factor out of the sum)

=1
=—-2|ny—nBy,—p sz> (Z Y; = ny)
1 =1
2(ny — npy — B,nx) (Z T; = ni)
i=1

Lemma 0.4 (Derivative of RSS with respect to the intercept). The partial derivative
of the simple linear regression residual sum of squares RSS(5y,B,) (Example 0.1) with
respect to the intercept is

ORSS
0B,

=2 Z(yi — By — Byx;) = —2(ny — nBy — Bynz).
i=1

1 Proof
Proof. The derivative in sum form is the solution to Exercise 0.7. The form in terms of

means is the solution to Exercise 0.8. O]

Exercise 0.9 (Derivative of RSS with respect to the slope). Find the partial derivative
of the simple linear regression residual sum of squares RSS(5,, 5,) (Example 0.1) with
respect to the slope, 9RSS/9p,.

Solution

Solution 0.9. Differentiate one operation at a time, starting from the definition (Exam-
ple 0.1):
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ORSS 0 & 5 -
a8, 9B, ;(yz — By — By;) (definition of RSS)
= Z (y; — Bo — Box;)? (derivative of a sum)
= 95,
n a .
=Y 2y, —By— 595%)%(3;2- — By — B,x;) (chain rule)
=1 T

The inner derivative:

a5, (y; — By — Bex;) = 08, 9B, a5, (derivative of a sum)
=0—0—ua, (y;, and B, do not depend on f3,)
= —x; (subtract)

Plugging the inner derivative back in:

3;{63968 = ; 2(y; — By — Byx;)(—x;) (inner derivative is —z;)

= Z —2z,(y; — By — Byx;)  (rearrange the product)
i=1

=—2 Z x;(y; — By — Byx;)  (constant factor out of the sum)
=1

Lemma 0.5 (Derivative of RSS with respect to the slope). The partial derivative of the
simple linear regression residual sum of squares RSS(By,B,) (Erample 0.1) with respect
to the slope is

ORSS -
Bﬂm ;21 z(yz /BO T z)

1 Proof

Proof. This is the solution to Exercise 0.9. O

Exercise 0.10 (Solving the normal equations). Using Exercise 0.7 and Exercise 0.9, solve
the normal equations of Example 0.4 for 3, and f3,, assuming S, > 0 (Definition 0.11).
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Solution

Solution 0.10. First normal equation. Set the derivative from Exercise 0.7 to zero,
then isolate f:

0=—2(ny —npf, — B,nzx) (first normal equation)
=ny —nfy — pfnz (divide both sides by —2)

0=y—pBy— B,z (divide both sides by n)
Bo =y — Bz (add S, to both sides)

Second normal equation. Substitute that intercept into the derivative from Exer-

cise 0.9:
G;BSIS =2 sz; x;(y; — By — Byx;) (derivative with respect to j3,)

=2 i z;(y; — (y — B,x) — Byx;)  (substitute j3;)
i1

=2 i x,(y; — Y+ BT — B,x;) (remove the inner parentheses)
i—1

=2 (=) = (B = 5,) - (szoup terms)

2 (s~ ) — Bulw,— 7)) (factor out B,)
i=1

To shorten the next steps, write d; oo (y; —y) — By(z; — x), so that ORSS/08, =
-2 Z:L: L @;d;. The d; sum to zero, because deviations from a sample mean sum to zero
(Exercise 0.4):

Zd

M:

—y)— pPy(x; —x))  (definition of d,)

s
Il
—
S

(y; —y)— Y B,(xr; —x) (distribute the sum over the terms)
=1

I
.M:

s
I
—

|
.M:

n
— B, Z x; —T) (constant factor out of the sum)
1

1:1 i=
=0—-03,-0 (deviations sum to zero)
=0-0 (multiply)
=0 (subtract)

So subtracting )"  d; from 37"  x;d; does not change it:
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3

]+
SH
$Q.
Il
B
S
|
81
-
£
™
&
Il
e

s
Il
—
~
Il
—
: ~

|
M
B :
&
|
Il
8 =
s&

(constant factor into the sum)

~
Il
—
.
I
—

(combine the sums)

Il
INgE
B
|
&
&

S
Il
—_

I

~
Il
—

(; —2)((y; —y) = Bo(z; —x))  (definition of d;)

I

-
Il
—

((% —)(y; —y) — B (r; — 3_3)2) (distribute)

(x, —z)(y; —y) — Z B,(x; —x)? (distribute the sum over the terms)
! n
= (z;,—2)(y; —y) — B, Y (v; —%)* (constant factor out of the sum)

1
<.
3l M:
—
s
I

i=1 i—1
= Szy - /61* Z(xz - f)Q (deﬁnition Of Swy)
i—1
= Spy — B252 (definition of S, )

So ORSS/93, = —2(S,, — B,S5..)- Set it to zero and isolate (3,

0= —2(Swy — B3,5,,) (second normal equation)

0= 2S5,y — B (divide both sides by —2)
BySpz = Suy (add .S, to both sides)
S
B, = Swy (divide both sides by S,, > 0)

Tx

So the normal equations have exactly one solution: 3, = S,,/S,, and B, =y — 3,7

Lemma 0.6 (Solution of the normal equations). IfS,, > 0 (Definition 0.11), the normal
equations of Example 0.4 have exactly one solution:

B e Bo =y — B,
x Sxm ) 0 — Y :E:L‘
i Proof
Proof. This is the solution to Exercise 0.10. O
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Exercise 0.11 (Second derivatives of RSS). Find the matrix of second derivatives of

RSS(5,, B,) (Example 0.1) with respect to 5, and j,.

Solution

Solution 0.11. Differentiate each first derivative again.

Derivatives of O0RSS/0f3,. By Exercise 0.7, 9RSS/08, = —2(ny — nf, — B,nx). Dif-

ferentiating with respect to f;:

0?RSS 0

9(B,nx)

o = - T%(nﬂ —nBy — B,nT)
_ _2<8(ngj) ~ 9(nBy)
0By
=—-2(0—n—0)
= —2(-n)
=2n

Differentiating with respect to 3,:

2
O°RSS _ 0

9(B,nt)

_ _2<8<ny> O(nfy)

0B,

=—2(0—0—nx)

= —2(—nx)

=2nx

(constant factor)

derivative of a sum)

(
(differentiate each term)
(drop the zeros)

(

multiply)

(constant factor)

(derivative of a sum)

(differentiate each term)
(drop the zeros)
(multiply)

Derivatives of JRSS/08,. By Exercise 0.9, O0RSS/08, = —23_" | #;(y; — By — B,7;)-
Differentiating with respect to 3,, and reusing the inner derivative —1 from Exercise 0.7:
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O°RSS _ 0
3506535 860 i=1

=2 i 820( — By — B,x;)) (derivative of a sum)

x;(y; — By — Byx;) (constant factor)

. 0
=2 Z; xia—ﬁo(yi — By — Byz;)  (x; does not depend on f)

= -2 Z x;(—1) (inner derivative is —1)
=-2> (-, (multiply)
=1

n
= -2 (— Z l‘z) (constant factor out of the sum)

i=1

=2 Z x; (multiply)

= 2nIx (Z x; = nx)

i=1

Differentiating with respect to (,, and reusing the inner derivative —z, from Exercise 0.9:

2 n
8;;58 = BZ Z z;(y — B,x;)  (constant factor)

=2 Z:ZI 8(233 (x;(y; — By — Byx;)) (derivative of a sum)

=-2) x 0 (y; — By — Byz;)  (z; does not depend on ,)
i=1 aﬁm

=—-2) z,(—x;) (inner derivative is —z;)
=1

—_9 (—x?) (multiply)
=1
( Z x; ) (constant factor out of the sum)

=1
=2 Z z? (multiply)

=1
The matrix. Collecting the four second derivatives gives the matrix of second deriva-
tives:
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(2n 2nT )
2nz 237" xP)”

Exercise 0.12 (Positive definiteness of the second-derivative matrix of RSS). In the
setting of Exercise 0.11, show that the matrix of second derivatives is positive definite
when S, > 0 (Definition 0.11).

Solution

Solution 0.12. The top-left entry of the matrix of second derivatives from Exercise 0.11,
2n, is positive. The determinant of this matrix, using the expanded form of S, from
Exercise 0.5, is

2n 2nx _ N, - - .
det (an 9 2?11 %2) = (2n) (2 ZIZ) — (2nz)(2nz) (2 x 2 determinant)

=1
=4n Z x? — 4n?z? (multiply)
=1
n
=4n (Z x? — nmz) (factor out 4n)
=1
=4nS,, (expanded form of S,_)

which is positive when S, > 0. A symmetric 2 x 2 matrix with a positive top-left entry
and a positive determinant is positive definite.

Lemma 0.7 (Second derivatives of RSS). The matriz of second derivatives of RSS(By, B,)
(Example 0.1) with respect to B, and B, is positive definite at every (f,, 5,) when S,, >0

(Definition 0.11), and equals
( 2n 2nx )
2nz 230" a7 )"

1 Proof

Proof. The matrix of second derivatives is the solution to Exercise 0.11. The positive
definiteness is the solution to Exercise 0.12. O
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Theorem 0.4 (Closed-form OLS estimates). Suppose S, > 0 (Definition 0.11), that is,
not all x; are equal. Then the OLS estimates (Example 0.3) are unique, and

.S, -
BI:T’ ﬁo:y*B,H?

Trxr

1 Proof

Proof. RSS is differentiable, so any point that minimizes it solves the normal equations.
By Lemma 0.6, the normal equations have exactly one solution, 3, = S,,/S,, and
By = y— B,x. By Lemma 0.7, the matrix of second derivatives of RSS is positive definite
at every point, so RSS is strictly convex and its only stationary point is its unique global
minimum. So the OLS estimates exist, are unique, and equal that solution. O

The same estimates follow from a derivation in vector notation, which treats (5,,5,) as a
single vector instead of differentiating with respect to each component separately.

Definition 0.13 (Covariate vector). In simple linear regression (Definition 0.5), the
covariate vector z; of observation i is its covariate value z;, preceded by a 1 for the

intercept:
def ( 1 >
:L‘Z — .
N xi

Exercise 0.13 (The conditional mean and the covariate vector). In simple linear regres-
sion (Definition 0.5), express the conditional mean yu(x;) as a dot product of the covariate
vector x; (Definition 0.13) and the coefficient vector 8 = (83, 3,)" (Example 0.4).

Solution

Solution 0.13. Start from the dot product:
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z, - B= ( 1 ) e (definition of z;)

= ( 1> . (50) (definition of 3, written as a column)

=1-5y+xz;8, (definition of the dot product)
—fotefy,  (1a=a)

= Bo + Bpx; (reorder the factors)

= p(x;) (definition of u(x))

So p(e;) = x; - B.

Lemma 0.8 (The conditional mean is a dot product). In simple linear regression (Defi-
nition 0.5), the conditional mean of observation i is the dot product of its covariate vector
(Definition 0.13) and the coefficient vector B (Example 0.4):

p(w;) = L~ @

1 Proof

Proof. This is the solution to Exercise 0.13. 0

Example 0.5 (Residual sum of squares in vector notation). In simple linear regression,
take # = ( and substitute u(x;) = z; - 8 (Lemma 0.8) into each residual of the residual
sum of squares (Definition 0.8). The residual sum of squares is then a function of the
coefficient vector 3, the same function as RSS(j,, 5,) in Example 0.1:

n

RSS(S) = (y; — ;- B)*

~ ~

i=1

Exercise 0.14 (Gradient of RSS in vector notation). Find the gradient of the residual

sum of squares in vector notation (Example 0.5), %RSS(@, by differentiating with

respect to the vector 3 directly, rather than one component at a time.

Solution

Solution 0.14. Differentiate one operation at a time, starting from RSS(S) in vector
notation (Example 0.5): -
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Z(yz — ;- f)° (RSS in vector form)
=1
8*(?/1 —xz;-B) (derivative of a sum)

= i 2(y; — Ly 6)2(% — ;- é) (chain rule)

For the inner derivative, we need the gradient of a linear function. For any constant

vector a = (ay, a,)':
—a B = g(a Bo +a,B,) (write out the dot product)
a,BN P 86 0~0 T p
a +a
= '3 (aofo +a.5.) (definition of the gradient)
(%50 +a,f6,)
= (ao + O) (derivative of each term)
0+a,
— (%
= (%:) (add zero)
=a (definition of a)
With a = z;:

;ﬁ(y’ —x; N) = ;ﬁyl éfﬁ ;- é’ (derivative of a difference)
=0-— 885% ﬁ (y; does not depend on f3)
=0—u, (gradient of a linear function)
= —z; (subtract from zero)

Plugging the inner derivative back in:
—RSS Z 2(y (—=z;) (inner derivative is —z,)

= Z 2(—x;)(y; — ;- B) (reorder the scalar and vector factors)

~ ~

= (—2)55i(1/i — & N) (2(—z;) = —2z;)

=—2 Z z;(y; — ;- B) (constant factor out of the sum)
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Lemma 0.9 (Gradient of RSS in vector notation). The gradient of the residual sum of
squares in vector notation (Example 0.5) is

8 n
25 888(8) = =2 zi(y; — ;- B).
Gé ~ i=1 ~
1 Proof
Proof. This is the solution to Exercise 0.14. 0

Exercise 0.15 (Normal equations in vector notation). Define the matrix and vector

def - def <
el T el
A= TiZi ¢c= E LiY;-
i=1 =1

Using Exercise 0.14, show that the normal equations can be written as A = c.

Solution

Solution 0.15.
Distribute the sum in the gradient from Exercise 0.14:

VRSS(8) = -2 > aiy, — - B) (gradient of RSS)
=1
=2 Z(%zyz —z;(z; - B)) (distribute z;)
i=1 ~

=-2 (Z Ty — Z T (T, - @) (sum of differences)
=1 =1

Each term of the second sum regroups as a matrix times 3:

(- é) = aNci(gEiTg) (dot product as a transpose product)

~

= (zz;") g (matrix multiplication is associative)

Substituting the regrouped sums gives

31



VERSS(Q) =—-2|c— Zgl(gl . B)) (definition of c)
i—1

=—2(c— Z(xlew) (regroup each term)

~

=—-2|c— gigf) B) (factor § out of the sum)

=—2(c— Ap) (definition of A)

The normal equations set this gradient equal to 0. Solving for AS one operation at a
time: -

—2(c—AB) =0  (normal equations)
c— ANﬁ =0  (divide both sides by —2)
E = Af (add AQS to both sides)
AB=c i (swap the sides)

Lemma 0.10 (Normal equations in vector notation). Let

n
def
A= xw; c
i=1 =1

The normal equations of a simple linear regression are equivalent to

AB =c.

1 Proof

Proof. This is the solution to Exercise 0.15. O

Exercise 0.16 (Solving the normal equations in vector notation). Assuming S,, > 0
(Definition 0.11), show that A from Exercise 0.15 is invertible, solve A = c for 8, and
compare the result with Exercise 0.10. - -

Solution

Solution 0.16.
Write out the entries of each term of A and ¢, then add them up:
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3

A=) zua,’ (definition of A)

n
= Z ( L x;) (outer product of z;)
= \Ti T ~
i=1
= =1 =1 matrices add entrywise
(e 5a) )
n S x)
= =1 g sum of a constant
(o 503) |
— n
n ni
=\, s .2 (Q_ = =nx)
(o 2¥) e
n
c= Z Ty, (definition of ¢)
=1
Zn A
= Z ( Yi ) (scalar times a vector)
=7 \Ti¥;

det A = nz 2? — (nZ)(nz) (determinant of a 2 x 2 matrix)

=n Z z? —n?z? (multiply)
i=1
n
=n (Z x? — nxQ) (factor out n)
i1
=nS,, (expansion of S, )

where the last step uses Exercise 0.5. Since n > 0 and S,, > 0, det A > 0, so A is
invertible, and Af = c has exactly one solution, Ailg.

To simplify A1 Q,Nwe need two expansions of uncentered sums. Adding nz? to both sides
of Exercise 0.5 gives Z?: L r? = S,, + nz?. The cross-product sum expands the same
way:
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Spy = Z(‘TZ —Z)(y; — 7)) (definition of S, )

= Z(%yz — 2,y — TY; + 1Y) (expand the product)
i=1
n

- Zmiyi - imi@ - ifyl + iiﬁﬂ (sum of a sum)
i=1 i=1 i=1

=1

n n n n

= Z Ty, —Y Z x; — Z zy; + Z zy (constant factor out of the sum)
i=1 i=1 =1 =1
n n n n

= Z Ty — Y Z T, — Z y; + Z zy (constant factor out of the sum)
i=1 i=1 =1 =1
n n n

= Z Y — Y Z T, — & Z Y; +nry (sum of a constant)
i=1 =1 =1

= my, —yna) -z y,+nzy Oz =nz)
=1 i=1 i=1
n

= > wiw — () — () + iy (Q_ v =n1)

i=1
n

= Z x;Y; — NTY — NTY + nTy (reorder the factors)
=1
lTL

= Z x;Y; — NIy (combine like terms)
i=1

Adding nzy to both sides gives 27:1 z;y; = Sy, + nxy. Now compute the solution:
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Afl

4}

n 2 —
1 Do T —ni .
det A —nzT n )~
n 2 —
1 Zizl_xl —nzy
nS,, \ —NnT n )~
n 2 — —
1 (> @ —nk ny
nS,., —nx n Zi:l LY
n 2 — — n
1 Z’L 1 miﬁ ny j— <_na’,)nz7;=1 T;Y;
nSzm (7711’) ‘ny+n Zi:l x;Y;
1 (ny 2 na3, azy)
nS,. —ncTY+ny | Ty
L (yz R Y xy)
nS,, —nTY+ D TY;
RIS LD DA N
Sza: —nx@ + ZZL=1 LiYi
— n 2 —
i Yy Zi:%xl - Ziz—l_xiyi
Sea > Ty — nTY
Sz Z?,l T;Y; — nTy
1 (g(sm +ni?) — (S, + nazgj))
S,z (S,, + nzy) — nzy
1 (yS,, +ynz* —zS,, — Inzy
Syw Sy T nTY —nzy
1 (§S,, +nE?y — S, —nizy
S Sy T nTY —nzy
1 (48, + 02y —£S,, —nZ?y
S, Sy T NTY —nTyY
L Z_/S:cat - jsxy
Sy \Sgy +nTY —nxy
i gszmt - jsmy
SI:E Sl’y

Szy/sz

(
(zj — T8, /50,

Szy/Sa:z

)
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(inverse of a 2 X 2 matrix)
(det A =nS,,)
(substitute c)
(matrix times a vector)
(multiply out the products)
(factor n out of the vector)
(cancel n)
(reorder the terms of the second entry)
(a2 = 5, + )

=1
(3w = 8.+ )

=1
(distribute)
(reorder the factors)
(zz = 7?)
(first entry: cancel +£nz%y)
(second entry: cancel +nzy)
(multiply each entry by 1/S5,.)

(cancel S,,)



Its entries are 5, = y — 8,7 and 3, = S,,/S,., the same solution as Exercise 0.10.

Lemma 0.11 (Solution of the normal equations in vector notation). If S,, > 0 (Defi-
nition 0.11), the matriz A=Y" x,x;' is invertible, and the normal equations AS = c

=1 ~t~ '~ ~
with ¢ = 2?11 z,y; (Lemma 0.10) have ezactly one solution,

_ A1, _ g_ﬁaci' . _Smy
é—A g-(sy/sm> with ﬁm—S ,

xrx

the same solution as Lemma 0.6.

i Proof

Proof. This is the solution to Exercise 0.16. O
Exercise 0.17 (Hessian of RSS in vector notation). Find the Hessian %%RSS(&).

Solution

Solution 0.17. Differentiate the gradient —2(c — Af) from Exercise 0.15 with respect to
B'. ¢ does not depend on 3. Each entry of Af is the dot product of a row of A with 3,
SO bf the gradient of a linear function (Exercise 0.14), the derivative of AS with respect
to 8 is A. The Hessian is then: -

~

88@3; SS(@ = ;;(—2@ — Aé)) (differentiate the gradient)
= _2JZT(E’ — Ap) (constant factor)

~

=2 <6Tc — aTAB) (derivative of a difference)
o~ 0B

=2 (0 — é)ZTAﬁ) (¢ does not depend on f3)
=—2(0 — A)N (derivative of a linear function)
=—2(—A) (subtract from zero)

=24 (multiply)

=2) zx;' (definition of A)
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Exercise 0.18 (Positive definiteness of the Hessian of RSS). In the setting of Exer-
cise 0.17, show that the Hessian is positive definite when S, > 0 (Definition 0.11).

Solution

Solution 0.18. By Exercise 0.17, the Hessian is 24 with A = Z: L z;x; . To show that

this Hessian is positive definite, take any vector v = (v, v,) #0:

v (24)v =2

S

4‘

BN
S

(constant factor)

(definition of A)

1
o
P~
4|
N
N
B
Z@R
4|
N———
e

Il
[\

e
.
—~

143

giT) v (matrix multiplication distributes over the sum)

-
Il
—_

I
[\)
—~
S
4{
=
S~—

~
Il
—

)(z;"v)  (matrix multiplication is associative)

(transpose products as dot products)

I
\V]
INgh
~~
&S
R
S~—
ou
8
IS
S~—

~
I
—

I
[\
[
—~
&S]
8
~—
[\

(dot product is symmetric)

<.
3
—_

Il
DO

(vg +v,z;)®  (write out the dot product)

Y

o
-
I
_

(sum of squares)

Equality would need the condition vy + v,x; = 0 for every . If v, # 0, the condition
would force every z; = —uv,/v,, contradicting S,, > 0; if v, = 0, the condition would
force vy = 0, contradicting v + 0. So the inequality is strict, and the Hessian is positive
definite at every f.

Lemma 0.12 (Hessian of RSS in vector notation). The Hessian of the residual sum of
squares 1s

0o 0 o .
&QMRSS(@—ziZ;Ei%i ,

and it is positive definite at every B when S,, > 0 (Definition 0.11).
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1 Proof

Proof. The Hessian is the solution to Exercise 0.17. The positive definiteness is the
solution to Exercise 0.18. d

Theorem 0.5 (OLS estimates in vector notation). Suppose S, > 0 (Definition 0.11).
Then the matriz A = 2?21 xgx; " is invertible, and the vector of OLS estimates (Defini-
tion 0.9) is

3

ey

=Ale,

149
I

LilYs-
i=1

Its entries are the estimates of Theorem 0.4.

1 Proof

Proof. RSS is differentiable, so any point that minimizes it solves the normal equations.
By Lemma 0.10, the normal equations are A3 = c. By Lemma 0.11, A is invertible, so
their only solution is A~! ¢, whose entries are those of Theorem 0.4. By Lemma 0.12, the
Hessian of RSS is positive definite at every 3, so RSS is strictly convex and A~! c is its
unique global minimum. - O

Exercise 0.19 (OLS slope and the correlation). Assuming S,, > 0 and S,, > 0 (Defini-

tion 0.11), write the OLS slope Bx from Theorem 0.4 in terms of the Pearson correlation
coefficient 7 and the sample standard deviations s, and s, of the z; and the y;.

Solution

Solution 0.19. In terms of the centered sums (Definition 0.11, Definition 0.12),

S S S

Yy TT vy

NE o Vn—1 Y n—1

T =

So:
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Sy . Sxy \/ Syy/(n - 1)
Sz B \/Smsyy \/Sxm/(n - 1)
S Syy/(” - 1)

— Ty

VSea/Syy V/Seu/(n—1)
_ Sey \/ST/@// vn—1
VSe/Syy VEe/Vn—1
= \/Siixf/siw . \/\/‘i:iyv (cancel the factors of vVn —1)
_ Sy

S

Ty

NCN

(substitute 7, s,, s,)

(square root of a product)

(square root of a quotient)

(multiply the fractions)

(cancel /S, which is positive)

S f—
— Ax (closed-form OLS slope)

Corollary 0.2 (OLS slope in terms of the correlation). If S,, >0 and S,, > 0 (Defini-
tion 0.11), then

~ s
_ Yy
535—7“57

where 1 is the Pearson correlation coefficient and s, and s, are the sample standard
deviations of the x; and the y;.

i Proof

Proof. This is the solution to Exercise 0.19. O

@ Video lecture

Hutchinson’s Linear Regression (ptl) (17 min) covers fitting a linear regression by least
squares, framed as machine learning [11]. The login for the video site is posted on Canvas.
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i Read

o Hogg et al. [3, Sec. 6.5], pp. 277284 covers a simple regression problem.
o Casella and Berger [12, Sec. 11.3], pp. 539-562 covers simple linear regression.
o Rice [4, Sec. 14.2.1], pp. 547549 covers slope and intercept properties.

Fitting a simple linear regression in R

Example 0.6 (Regression of fasting glucose on BMI in HERS). The OLS estimates
from Theorem 0.4, and the slope from Corollary 0.2, for the participants with a BMI
measurement:

hers_bmi <- hers |> dplyr::filter(!is.na(BMI))

X <- hers_bmi$BMI

y <- hers_bmi$glucose

bl <- sum((x - mean(x)) * (y - mean(y))) / sum((x - mean(x))~2)
c(

intercept = mean(y) - bl * mean(x),

slope = bil,

slope_from_r = cor(x, y) * sd(y) / sd(x)
)
#> intercept slope slope_from_r
#> 60.07405 1.82218 1.82218

1m() gives the same estimates:

slr_fit <- lm(glucose ~ BMI, data = hers)
parameters: :parameters(slr_fit) |[>
parameters: :print_md(digits = 3)

Parameter Coefficient SE 95% CI t(2756) p
(Intercept) 60.074 3.565 (53.084, 67.064) 16.852 < .001
BMI 1.822 0.122 (1.582, 2.062) 14.878 < .001
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performance: :model_performance(slr_fit) |[>
insight: :print_md(digits = 3)

Table 1: Indices of model performance

AIC AICc BIC R2 R2 (adj.) RMSE Sigma
27517.9 275179 27535.7 0.074 0.074 35471  35.484
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Figure 5 shows the data with the fitted line.

ggplot2: :ggplot (hers_bmi, ggplot2::aes(x = BMI, y = glucose)) +
ggplot2: :geom_point(alpha = 0.2) +
ggplot2: :geom_abline (
intercept = coef(slr_fit) [[1]],
slope = coef(slr_fit)[["BMI"]],
color = "firebrick"
) +
ggplot2::labs(x = "BMI (kg/m~2)", y = "Fasting glucose (mg/dL)")

300- — . ® - o

200+

Fasting glucose (mg/dL)
'_\
o
o

20 30 40 50
BMI (kg/m”2)

Figure 5: Fasting glucose against BMI in HERS, with the OLS line

The estimated slope is BBMI = 1.82 mg/dL per kg/m?: mean fasting glucose is about 1.8
mg/dL higher among participants whose BMI is 1 kg/m? higher. The t statistic for the
slope equals the correlation test statistic of Example 0.1.
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The coefficient of determination

Definition 0.14 (Total sum of squares). The total sum of squares of y,,...,y,, is

TS5 3y, — 7).

i=1

Source: Wikipedia contributors [13].

Example 0.7 (Total sum of squares of three values). For y = 1,2,2, y = 5/3, so

TSS = (1— 7) +2(2—2)? (definition)

+ § (square the deviations)

WIN Ol

(arithmetic)

Definition 0.15 (Coefficient of determination). The coefficient of determination of
a model fitted with parameter estimate 9 is one minus the ratio of its residual sum of
squares at 9 to the total sum of squares of its outcomes:

RSS(0)
TSS

R2%¥

Source: Wikipedia contributors [14].

Remark (Interpreting the coefficient of determination)

Remark 0.3 (Interpreting the coefficient of determination). R? is often described as the
proportion of the variation in Y explained by the regression on X.

Exercise 0.20 (Residual sum of squares of the OLS fit). Assuming S,, > 0 (Defi-
nition_0.11), write the residual sum of squares at the OLS estimates (Theorem 0.4),
RSS(By, 3,) = Zn g7, in terms of S,,, S,, and S,,

1 7 T

Solution

Solution 0.20. The fitted values of the OLS fit are y, = /éo + ,BAI:UZ., so each residual is
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(

(substitute g,)
=Y; — (@ - Bwf + Aza?i) (substitute BAO)

(

(

(

group terms)

factor out 3,)

Squaring and summing;:

n
E 22
=1

n
~

Z((yz — ) — Ba(z —95))2

i=1

i=1 i= =1
i=1 i=1 i=1
<yz_g)2_2gx (xz_i>(yz_g)+gﬁ ($1_$)2
=1 =1 i=1
Syy_2A1‘ Z(xz_f)(yz_y)—i_/éc% ($1_$)2
i=1 =1
Syy 2/3z51:y+/8325 (1’1 _1.)2
=1

S, Sy
vy - QSri S:cy + (Swz)zsww
S2 Sy
w25 (g
Sz, 53
Sy —2 Smi + S—%ism
Sy — 255@1 Sy
v S{IZ.T Sx(ﬂ
Sy, — Say
yy S
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definition of a residual)

distribute the minus sign)

(substitute &;)

(expand the square)

(sum of a sum)

(constant factor out of the sum)
(constant factor out of the sum)
(definition of S, )

(definition of S,,)

(definition of S, )

(substitute ,BA,J = Suy/Ser)
(multiply)

(square of a quotient)
(cancel one factor of S,,)

(combine like terms)



Lemma 0.13 (Residual sum of squares of the OLS fit). If S,, > 0 (Definition 0.11),
the residual sum of squares at the OLS estimates (Theorem 0.4) is

~ o~ o S2
RSS(Bo, fa) = ) &0 =8, — 5~
i—1 zx
i Proof
Proof. This is the solution to Exercise 0.20. O

Exercise 0.21 (R and the correlation). Assuming S,, > 0 and S,, > 0 (Defini-
tion 0.11), use Exercise 0.20 to write the coefficient of determination R? of the OLS
fit in terms of the Pearson correlation coefficient r, and show that 0 < R? < 1.

Solution

Solution 0.21. The total sum of squares is S, (Definition 0.11), and Exercise 0.20 gives
the residual sum of squares, so:
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~

_ RSS(9)

R? = TSS (definition of R?)
=1- RSS{FSOS’@E) (the OLS estimate is (BO, 8.))
=1 R ) (TSS is S,,)
vy
=1- % (residual sum of squares of the OLS fit)
yy

Syy Sgy/sacm C . NP .
=1- 5 g (distribute the division over the difference)

vy vy
S2y/Sua
=1- (1 - g) (Syy/Syy =1)
vy
s2./S
=1-1+ Sey/ S (distribute the minus sign)
Syy
S2./S
— M (1 —1= 0)
Syy
S2
= vﬁgyy (divide a fraction by S, )

S
= ===? (write as a square)
V52 Sy

= T2 (T = Swy/ S:M:Syy)
Since —1 < r <1 (range of the correlation coefficient), 0 < r2 < 1.
Theorem 0.6 (R? of a simple linear regression). For the OLS fit of a simple linear

regression, with Sy, >0 and S, >0 (Definition 0.11), R? is the square of the Pearson
correlation coefficient v of the x; and y,;, and so lies between 0 and 1:

R2=7r% 0<R?2<1.
1 Proof

Proof. This is the solution to Exercise 0.21, which uses the residual sum of squares from
Lemma 0.13. O
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Example 0.8 (R? for the regression of glucose on BMI in HERS). For the fit in Exam-
ple 0.6, R? computed from Definition 0.15, the square of the Pearson correlation, and
Im()’s value agree:

fit <- 1lm(glucose ~ BMI, data = hers)

y <- fit$model$glucose

c(
r_squared = 1 - sum(residuals(fit)~2) / sum((y - mean(y))~2),
cor_squared = cor(fit$model$BMI, y) 2,
lm = summary(fit)$r.squared

)

#> r_squared cor_squared 1m

#> 0.0743455 0.0743455 0.0743455

BMI accounts for only about 7% of the variation in baseline fasting glucose.

1 Read

o Hogg et al. [3, Sec. 7.6], pp. 344-352 covers more regression.
o Rice [4, Sec. 14.2.2], pp. 550-559 covers assessing the fit of a regression line.

Comparing nested regression models

Definition 0.16 (Nested linear regression models). Let a linear regression model have
p features and an intercept. A second linear regression model is nested in it if it uses
the same outcome and the same observations and is the special case in which ¢ of the p
coefficients equal 0. The first model is the larger model, and the second is the smaller
model; the smaller model has p — ¢ features.

Source: Vittinghoff et al. [1, Sec. 4.3].

Example 0.9 (Nested models for fasting glucose in HERS). In the HERS data, take the
linear regression of glucose on BMI as the smaller model. The larger model adds age
and exercise, so ¢ = 2:
smaller:  p(glucose) = By + By - BMI,
larger:  p(glucose) = By + Bpyy - BMI + 8,4 - 88 + Boxercise - €Xercise.

Both models must be fitted to the same HERS participants, so keep the participants with
all four variables measured:
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hers_nested <- hers |[>
tidyr: :drop_na(glucose, BMI, age, exercise)
fit_smaller <- 1lm(glucose ~ BMI, data = hers_nested)
fit_larger <- 1lm(glucose ~ BMI + age + exercise, data = hers_nested)
nrow(hers_nested)
#> [1] 2758

The smaller model sets 3 = 0 in the larger one.

age — /8 exercise

Definition 0.17 (Partial F-test). Let a smaller linear regression model be nested in a
larger model with p features, so that they differ by ¢ coefficients, and let both be fitted
by ordinary least squares to n observations. Write RSS, and RSS; for the residual sums
of squares of the smaller and the larger fit. The partial F-test of

H, : the q coefficients are all 0
uses the statistic
aet (RSS, —RSS,) /g
TRSS,/(n—p—1)

Its p-value is Pr(F™* > F), where F* has the F,, ,, , ; distribution (F-distribution).
Source: Vittinghoff et al. [1, Sec. 4.3] and Dobson and Barnett [15, Sec. 6.3].

F

Theorem 0.7 (Null distribution of the partial F statistic). Let the errors of the larger
model be independent and Gaussian with mean 0 and the same variance. If H, of Defi-
nition 0.17 holds, then F has the F, ,,_, , distribution for every number of observations
n>p+1.

Source: Vittinghoff et al. [1, Sec. 4.3].

i Proof

Proof. Under H,, (RSS;—RSS,)/0? has the x? distribution and RSS, /o has the 7, ;
distribution, where o2 is the error variance. The two are independent, because RSS; is
the squared length of the part of the outcome vector orthogonal to the larger model’s
fitted values, while RSS;, —RSS; is the squared length of the part in the larger model but
orthogonal to the smaller one. Dividing each by its degrees of freedom, o? cancels from
the quotient, which is therefore F, ,,_,_; by the definition of the F-distribution. O
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Example 0.10 (Partial F-test of age and exercise in HERS). For the models of Exam-
ple 0.9, anova() gives the partial F-test:

anova(fit_smaller, fit_larger) [>
parameters: :parameters() |>

parameters: :print_md(digits = 3, footer = "")
df
Parameter RSS  Sum_Squad§ (error) Mean_Squaik )
Model 1: glucose ~ BMI 3.470e+06 2756

Model 2: glucose ~ BMI 3.461e+00188.413 2 2754 4594.207 3.656 0.026
+ age + exercise

The definition gives the same statistic:

rss0 <- sum(residuals(fit_smaller)~2)

rssl <- sum(residuals(fit_larger)~2)

n <- nobs(fit_larger)

p <- length(coef(fit_larger)) - 1

q <- p - (length(coef(fit_smaller)) - 1)

f_stat <- ((rssO - rss1) / q) / (rss1 / (n - p - 1))

c(

f = f_stat,

p_value = pf(f_stat, 9, n - p - 1, lower.tail = FALSE)
)
#> f p_value

#> 3.6558211 0.0259658

With ¢ =2 and n —p — 1 = 2754, F = 3.66, so the data reject H,, at the 5% level.

i Remark (The partial F-test and the likelihood ratio test)

Remark 0.4 (The partial F-test and the likelihood ratio test). Let the errors be Gaussian.
The maximum likelihood estimate of the error variance of a model with residual sum of
squares RSS is RSS/n, so its maximized log-likelihood is —% log(27r RSS/n) — 4. The
likelihood ratio statistic of the null hypothesis H|, in the partial F-test is then

49


sufficiency.qmd#def-statistic
intro-MLEs.qmd#def-mle
https://morrison-lab.github.io/pds/variance-covariance.html#def-variance
intro-MLEs.qmd#def-loglik
intro-MLEs.qmd#def-lrt-stat
inference.qmd#def-null-hypothesis

A= 2(£(§ML> - g(éo))

o, BSS,

~ "B RsS,

- nlog(l + RSS%S_SR881>
1

For large n under H,, the quantity (RSS, — RSS;)/RSS; is near 0, so log(1l + u) ~ u
gives A ~ n(RSS, — RSS;)/RSS,;. Also ¢F = (n —p — 1)(RSS, — RSS;)/RSS;, which is
close to the same value when n is much larger than p. Under H,, A and ¢F therefore
have approximately the X?I distribution, but the F-test is exact for Gaussian errors at
every n, while the likelihood ratio test holds only approximately.

Further reading

Linear Models Overview covers linear regression in depth, including inference for the coeffi-
cients and multiple predictors. Vittinghoff et al. [1] cover linear regression in Chapter 4.
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