Correlation and Simple Linear Regression
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This page reviews two ways to relate two continuous variables: correlation coefficients, with
tests of whether they differ from zero, and simple linear regression. It uses the t reference
distribution defined on the Statistical Inference page. This page is adapted from Vittinghoff et
al. (2012), Chapter 3.

The HERS data

The examples on this page use the HERS data, which the Comparing Means page describes.
The rmb R package includes the dataset; haven: :as_factor () converts its Stata value labels
to factors:

hers <- rmb::hers |> haven::as factor()

Correlation

Testing the Pearson correlation

Definition 0.1 (Population correlation). The population correlation of two random
variables X and Y with positive variances is

) def Cov(X,Y)
VVar(X) Var(Y)’

where Cov(X,Y) is their covariance.

The Pearson correlation coefficient r of a sample is the corresponding sample statistic, and
estimates p.
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Definition 0.2 (Test of zero correlation). Let r be the Pearson correlation coefficient
of n > 3 pairs, with |r| < 1. The t-test of zero correlation of H;, : p = 0 against
H, : p # 0 (Definition 0.1) uses the statistic

Its p-value is Pr(|T'| > |t|), where T has the t,,_, distribution (t-distribution).

Theorem 0.1 (Null distribution of the correlation t statistic). Let the pairs
(X1, Y7),...,(X,,,Y,) be independent, and let each Y;, given X,,..., X, , be Gaussian
with a mean and variance that do not depend on the X wvalues. Then the statistic t of
Definition 0.2 has the t,,_, distribution (Hogg et al. 2019, sec. 9.6, pp. 472-473).

The conditions of Theorem 0.1 hold, for example, when the pairs are independent draws from
a bivariate Gaussian distribution with p = 0.

Example 0.1 (Correlation between BMI and fasting glucose in HERS). Figure 1 plots
baseline fasting glucose against BMI.
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hers |>
dplyr::filter(!is.na(BMI)) [>
ggplot2: :ggplot() +
ggplot2::aes(x = BMI, y = glucose) +
ggplot2: :geom_point(alpha = 0.3) +
ggplot2: :geom_smooth(method = "1m", formula =y ~ x) +
ggplot2: :labs(
x = "BMI (kg/m~2)",
y = "Fasting glucose (mg/dL)"
)
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Figure 1: Baseline fasting glucose against BMI in HERS, with the least-squares line

The statistic of Definition 0.2, using the 2758 participants with a BMI measurement:

hers_bmi <- hers |> dplyr::filter(!is.na(BMI))

r <- cor(hers_bmi$BMI, hers_bmi$glucose)

n <- nrow(hers_bmi)

t_cor <- r * sqrt(n - 2) / sqrt(l - r~2)

c(r =r, t = t_cor, p_value = 2 * pt(-abs(t_cor), df = n - 2))
#> r it p_value

#> 2.72664e-01 1.48779e+01 3.24201e-48



cor.test () reports the same values, and a confidence interval for p:

cor.test (hers$BMI, hers$glucose, method = "pearson")
#>

#> Pearson's product-moment correlation

#>

#> data: hers$BMI and hers$glucose

#> t = 14.88, df = 2756, p-value <2e-16

#> alternative hypothesis: true correlation is not equal to O
#> 95 percent confidence interval:

#> 0.237760 0.306865

#> sample estimates:

#> cor

#> 0.272664

The correlation is positive but modest: glucose tends to be higher at higher BMI, with
wide scatter around the line in Figure 1.

Spearman rank correlation

Definition 0.3 (Spearman rank correlation). Replace each x; by its rank among x4, ..., z,,,
and each y, by its rank among y,, ..., y,,, giving tied values the average of the ranks they
span. The Spearman rank correlation rg is the Pearson correlation coefficient of the

ranks.

Because ranks depend only on the ordering of the values, rg measures how close the association
is to monotone, whether or not it is linear, and a single extreme value moves rg less than it
moves 7.

Example 0.2 (Spearman correlation between BMI and fasting glucose in HERS). The
Pearson correlation of the ranks (Definition 0.3), and cor.test()’s Spearman test (exact
= FALSE, because tied values rule out the exact p-value):
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hers_bmi <- hers |> dplyr::filter(!is.na(BMI))

cor (rank (hers_bmi$BMI), rank(hers_bmi$glucose))

#> [1] 0.333751

cor.test(hers_bmi$BMI, hers_bmi$glucose, method = "spearman", exact = FALSE)
#>

#> Spearman's rank correlation rho

#>

#> data: hers_bmi$BMI and hers_bmi$glucose

#> S = 2.33e+09, p-value <2e-16

#> alternative hypothesis: true rho is not equal to O
#> sample estimates:

#> rho

#> 0.333751

rg is larger than the Pearson r of Example 0.1: the association is closer to monotone than
to linear.

Simple linear regression

Model specification

Definition 0.4 (Simple linear regression model). A simple linear regression model
relates a continuous outcome Y to a single predictor X:

Y, =By + Brz; + &, €1y-5En ™Miid N(O,gz).

e [, is the intercept: the mean of ¥ among observations with X = 0.

e [3; is the slope: the difference in the mean of ¥ between two groups whose values
of X differ by one unit, 5y =E[Y | X =2+ 1] - E[Y | X = z].

e 0?2 is the variance of Y around its mean at each value of X.

Ordinary least squares estimation

Definition 0.5 (Residual sum of squares). For data (z,,4,), ..., (x,,¥, ), the residual
sum of squares of a line with intercept b, and slope b, is

RSS(bg, by) < Z(yz — by — byz;)*.

=1



Example 0.3 (Residual sum of squares of a line through three points). For the points (0, 1),

(1,2), (2,2) and the line with b, = 1 and b; = 0.5, the vertical distances from the points to

the line are 1 —1=0,2—1.5 = 0.5, and 2—2 = 0, so RSS(1,0.5) = 02 +0.52 + 02 = 0.25.

Definition 0.6 (Ordinary least squares). The ordinary least squares (OLS) estimates

By and f; are the values of by and b; that minimize the residual sum of squares RSS(b,, b; ).

Theorem 0.2 (Closed-form OLS estimates). Write

def def & _ def > _ _
See E3 w07 Sy DY - 9% S,y DY - D — 0.
=1

i=1 =1
and suppose S, > 0 (not all x; are equal). Then the OLS estimates (Definition 0.6) are
unique, and

1 Proof

Proof. RSS is a quadratic function of (by, b, ), so we find where its partial derivatives are
zero, then check that this point is the unique minimum.
The derivative with respect to by:

ORSS
db,

=2 z:(yZ — by —byx;) (chain rule, term by term)
—1

= —2(ny — nby — bynx) (Z Yi = ny, Zfﬂz = nz)

Setting it to zero and dividing by —2n gives y — by, — b,z =0, so by, = y — b, .
The derivative with respect to b;, after substituting b, = y — b, z:

8({1;)818 = -2 ; x;(y; — by — byx;) (chain rule, term by term)
= -2 Z z,((y; — ) —by(x; — T)) (substitute b)
=1
=2 Z(f’?z —)((y; —y) = by(x; —x)) (subtract xz —y) —by(z; — 7)) =
=1
=—2(S,, —b15,.2) (definitions of Sy and S,,)

0)

The subtracted sum in the third step is zero because } (y; —y) = 0 and 3 (z; —2) = 0.



Setting the derivative to zero gives by = S, /S,
This stationary point is the unique minimum. The matrix of second derivatives of RSS is

9 n nx
nx sz? ’

whose top-left entry 2n is positive and whose determinant is 4(n Zl x? — n23?2) =4nsS,, >
0. So the matrix is positive definite, RSS is strictly convex, and its only stationary point
is its global minimum. ]

Corollary 0.1 (OLS slope in terms of the correlation). If S,, >0 and S,, >0, then

~ S
/81 :rla
Sa

where 1 is the Pearson correlation coefficient and s, and s, are the sample standard
deviations of the z; and the y,.

i Proof

Proof. With the notation of Theorem 0.2, r = S, /\/S,.5,,, 8, = /S, /(n—1), and
8y = 1/Sy,/(n—1). So:

S S Syy/(n_ 1)

Yy ry

_ Say LV Syy
\/wa V Syy \/Szx
S

= (cancel 4/S,,)

xrx

1 (closed-form OLS slope)

(substitute r, s,, s,)

(cancel the factors of n — 1)

)

@ Video lecture

Hutchinson’s Linear Regression (ptl) (17 min) covers fitting a linear regression by least
squares, framed as machine learning (Hutchinson, n.d.). The login for the video site is
posted on Canvas.
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Fitting a simple linear regression in R

Example 0.4 (Regression of fasting glucose on BMI in HERS). The OLS estimates
from Theorem 0.2, and the slope from Corollary 0.1, for the participants with a BMI
measurement:

hers_bmi <- hers |> dplyr::filter(!is.na(BMI))

x <- hers_bmi$BMI

y <- hers_bmi$glucose

bl <- sum((x - mean(x)) * (y - mean(y))) / sum((x - mean(x))~2)
c(

intercept = mean(y) - bl * mean(x),

slope = bl,

slope_from_r = cor(x, y) * sd(y) / sd(x)
)
#> intercept slope slope_from_r
#> 60.07405 1.82218 1.82218

Im() gives the same estimates:

slr_fit <- 1m(glucose ~ BMI, data = hers)
summary (slr_fit)

#>

#> Call:

#> Im(formula = glucose ~ BMI, data = hers)

#>

#> Residuals:

#> Min 1Q Median 3Q Max

#> -81.55 -18.98 -10.35 3.76 190.81

#>

#> Coefficients:

#> Estimate Std. Error t value Pr(>|t])

#> (Intercept) 60.074 3.565 16.9  <2e-16 **x*
#> BMI 1.822 0.122 14.9 <2e-16 ***
#> ———

#> Signif. codes: O '**xx' 0.001 '*xx' 0.01 'x' 0.05 '.' 0.1 ' ' 1
#>

#> Residual standard error: 35.5 on 2756 degrees of freedom
#> (5 observations deleted due to missingness)

#> Multiple R-squared: 0.0743, Adjusted R-squared: 0.074
#> F-statistic: 221 on 1 and 2756 DF, p-value: <2e-16



The estimated slope is Bl = 1.82 mg/dL per kg/m?: mean fasting glucose is about 1.8
mg/dL higher among participants whose BMI is 1 kg/m? higher. The t statistic for the
slope equals the correlation test statistic of Example 0.1.

The coefficient of determination

Definition 0.7 (Total sum of squares). The total sum of squares of y,,...,y,, is

n

def _
TSS =Y (v, — )%
i=1
Example 0.5 (Total sum of squares of three values). For y = 1,2,2, y = 5/3, so

TSS=(1—3)>+2(2—3)? (definition)

(square the deviations)

Il
WIN Ol
+
]|}

(arithmetic)

Definition 0.8 (Coefficient of determination). For a fitted regression with fitted values
Y;, the coeflicient of determination is

Z?Zl(yi - ;)
Y=y

=1

R2¥ —

The numerator is the residual sum of squares of the fit, and the denominator is the total
sum of squares of the y,.

R? is often described as the proportion of the variation in Y explained by the regression on
X.

Theorem 0.3 (R? of a simple linear regression). For the OLS fit of a simple linear
regression, with S, > 0 and S, > 0, R? = 12, where r is the Pearson correlation
coefficient of the x; and y,. In particular, 0 < R? < 1.

Proof

Proof. With the notation of Theorem 0.2, the fitted values are y; = Bo + 81 x;, so each
residual is
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yi —U; = y; — (J— B,&) — Byx; (substitute 5;)

= (y; —y) — Bi(z; —T) (regroup)

Squaring and summing:

> w5 =D (s —9)* =261 (x; — 2)(y; — §) + B (x; = £)°)  (expand the square)

=Sy, — QBAl‘S'my + B%Sm (definitions of S,,, S, Siz)
S2 S2 ~
=S, — 2Swy + Szy (substitute 8, = S,,/S,.)
S2
=8, — == (combine like terms)

vy S

Trxr

The total sum of squares is S, so:

Syy - Sgy/swm

R?=1-— 5 (substitute into the definition of R?)
vy
= Sy (simplify)
SeaSyy
=17 (r = Suy/\/SzeSyy)
Since —1 < r <1 (range of the correlation coefficient), 0 < r? < 1. O

Example 0.6 (R? for the regression of glucose on BMI in HERS). For the fit in Ex-
ample 0.4, R? computed from Definition 0.8, the square of the Pearson correlation, and
1m()’s value agree:

fit <- Im(glucose ~ BMI, data = hers)

y <- fit$model$glucose

c(
r_squared = 1 - sum(residuals(fit)~2) / sum((y - mean(y))~2),
cor_squared = cor(fit$model$BMI, y) 2,
1m = summary(fit)$r.squared

)

#> r_squared cor_squared Im
#> 0.0743455 0.0743455 0.0743455

BMI accounts for only about 7% of the variation in baseline fasting glucose.
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Further reading

Linear Models Overview covers linear regression in depth, including inference for the coefficients
and multiple predictors. Vittinghoff et al. (2012) cover linear regression in Chapter 4.
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