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1 Defining probabilities
[bookmark: sec-prob-axioms]
Definition 1 (Sample space) The sample space of a random experiment, denoted , is the set of all of its possible outcomes.
Example 1 (Sample space of a die roll) Rolling a six-sided die once has sample space .
Definition 2 (Event) An event is a subset of the sample space : a set of outcomes.
Remark. When  is uncountable, such as an interval of real numbers, only the subsets in a designated -algebra  on  count as events; every set that arises in these notes is in . When  is finite or countably infinite, every subset of  can be an event, because the collection of all subsets of  is a -algebra (all subsets form a -algebra), as in -algebras for die rolls.
Example 2 (Rolling an even number) In Example 1, the event “the roll is even” is .
Definition 3 (Occurrence of an event) An event  occurs when the outcome of the experiment is in , and does not occur when the outcome is not in .
Example 3 (Rolling a 4) In Example 2, if the die shows 4, the event “the roll is even”, , occurs, because , and the event “the roll is at most 2”, , does not occur.
Definition 4 (Complement of an event) The complement of an event , denoted , is the event that  does not occur: the set of outcomes in the sample space  that are not in .

Remark. Other sources write  or .
Example 4 (Rolling an odd number) In Example 2, the complement of the event “the roll is even”, , is the event “the roll is odd”, .
Definition 5 (Mutually exclusive events) Finitely or countably many sets , such as events, are mutually exclusive (also called disjoint, pairwise disjoint, or mutually disjoint) when no two of them share an element:

Remark. The math notes define the same property for sets in general, as pairwise disjoint.
Example 5 (Low and high rolls) In Example 1, the events “the roll is at most 2”, , and “the roll is at least 5”, , are mutually exclusive: no roll is in both. The events “the roll is even”, , and “the roll is at most 2”, , are not mutually exclusive: a roll of 2 is in both.
Definition 6 (Partition of an event) A partition of an event  is a finite or countably infinite collection of events  that satisfies:
· The events  are mutually exclusive.
· Their union is : .
A partition of the sample space is the case .
Remark. Some sources also require each piece  to contain at least one outcome.
Example 6 (Partitioning the die roll) In Example 1, the events “the roll is even”, , and “the roll is odd”, , are mutually exclusive, and their union is , so they partition the sample space. So do the six single-outcome events . The events  and  from Example 5 do not partition : their union leaves out 3 and 4.
Definition 7 (Probability measure) A probability measure on a sample space , often denoted  or , is a measure on the events of  that gives the whole sample space probability 1:

Example 7 (Probability measure for a fair die) For the die roll in Example 1, define , where  is the number of outcomes in . This function is  times the counting measure  on the die rolls (counting elements is a measure), so it is a measure on the events of , and it gives . The event “the roll is even” from Example 2 has probability .
Corollary 1 (Probability measures are finitely additive) Every probability measure is finitely additive: for any mutually exclusive events ,

Proof. A probability measure is a measure (Definition 7), so measures are finitely additive applies to it.
Theorem 1 (Continuity of probability) If  are events with , then:

Proof. For each , let , the outcomes in  but not in . Each  is an event, by closure properties of a -algebra.
The  are pairwise disjoint. For , , while  has no outcomes in , so .
 for each . For , , so the union is contained in . Conversely, let . Since ,  is not in every ; since the  are nested, the indices  with  are  for some . Then  and , so .
 is finite. The events  and  are disjoint with union , so Corollary 1 applies to them:

The limit. For each :

With , this says the series  has the finite total . So, for :

As , the partial sums  converge to the total , so .
Remark. Requiring countable additivity, not just finite additivity, enables results such as Theorem 1, and it is what makes sums over countably infinite partitions valid.
Theorem 2 (Kolmogorov axioms) A function  that assigns a real number  to each event  of a sample space  is a probability measure if and only if it satisfies:
1. For any event , .
1. The probability of the whole sample space is 1:

1.  is countably additive: for any mutually exclusive events ,

Proof. Suppose  is a probability measure. It is a measure, so its values lie in the extended non-negative reals , which gives axiom 1, and it is countably additive, which is axiom 3. Axiom 2 is the condition  in Definition 7.
Conversely, suppose  satisfies the three axioms. By axiom 1,  takes values in , so axiom 3 says  is countably additive in the sense of the definition of countable additivity. Then, by countable additivity and the empty set,  is 0 or ;  is a real number, so . So  satisfies both conditions of the definition of a measure ( and countable additivity) and is a measure on the events of . With axiom 2,  is a probability measure (Definition 7).
Remark. Many sources define a probability measure by these three axioms instead; the theorem shows that the two definitions agree. The axioms are named for Kolmogorov, who introduced them in 1933 (see Wikipedia: Probability axioms). The axiom form does not list ; the proof above derives it.
Theorem 3 (Probability of a subset’s intersection) If  and  are events and , then .
Proof. Since , every outcome in  is also in , so , and therefore .
Theorem 4 (An event and its complement sum to 1) For any event  and its complement :

Proof. The events  and  are disjoint, and their union is .

Corollary 2 (Complement rule) For any event :

Proof. Subtract  from both sides of Theorem 4.
Corollary 3 (Complement rule in probability () notation) If the probability of an event  is , then the probability that  does not occur is:

Proof. 

Example 8 (Probability of not rolling a six) For a fair die, the event “the roll is a six” has probability , so by Corollary 3 the probability of not rolling a six is .
2 Conditional probability
Definition 8 (Conditional probability) For two events  and  with , the conditional probability of  given , denoted , is:

Example 9 (Rolling a six, given an even roll) For a fair die (Example 7), let  and . Then , so:

Theorem 5 (Law of conditional probability) For any two events  and  with :

Proof. Rearranging Definition 8:

Example 10 (Applying the law of conditional probability) Suppose 30% of adults exercise regularly (), and among adults who exercise regularly, 60% have low blood pressure ().
Then, by Theorem 5, the probability that a randomly selected adult both exercises regularly and has low blood pressure is:

Theorem 6 (Law of total probability) If  is a partition of the sample space, with  for every , then for any event :

Proof. Since  partition the sample space, the events  are mutually exclusive and their union is . By countable additivity, and then by Theorem 5:

Theorem 7 (Bayes’ theorem) For any two events  and  with  and :

Proof. By Definition 8 and Theorem 5:

Example 11 (Positive predictive value of a medical test) Suppose a disease test has 99% sensitivity and 99% specificity, and the prevalence of the disease in the population is 7%.
Let  be the event “person has the disease” and  be the event “test is positive”. Then:
·  (sensitivity)
·  (specificity), so the false positive rate is 
·  (prevalence)
By Theorem 7, with the denominator expanded by the law of total probability over the partition :

Even with a highly accurate test (99% sensitive and 99% specific), only about 88% of people who test positive actually have the disease, because the disease prevalence is relatively low (7%).
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	Hutchinson’s Probability Refresher (27 min) covers conditional distributions, the law of total probability, the chain rule of probability, and Bayes’ rule (Hutchinson, n.d.). The login for the video site is posted on Canvas.
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