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Definition 0.1 (Statistical independence). Random variables 𝑋1, … , 𝑋𝑛 are statistically
independent if, for all sets of real numbers 𝐴1, … , 𝐴𝑛, the probability that every 𝑋𝑖
falls in its set is the product of the individual probabilities:

Pr(𝑋1 ∈ 𝐴1, … , 𝑋𝑛 ∈ 𝐴𝑛) =
𝑛

∏
𝑖=1

Pr(𝑋𝑖 ∈ 𝐴𝑖)

Remark. We write 𝑋 ⟂⟂ 𝑌 for “𝑋 and 𝑌 are independent”. The symbol ⟂⟂ is essentially
∏ upside-down, which can remind you of the definition.

Theorem 0.1 (Independence of discrete random variables: the joint PMF factors).
Discrete random variables 𝑋1, … , 𝑋𝑛 are statistically independent if and only if their joint
PMF factors into the product of their PMFs: for all real numbers 𝑥1, … , 𝑥𝑛,

P(𝑋1 = 𝑥1, … , 𝑋𝑛 = 𝑥𝑛) =
𝑛

∏
𝑖=1

P(𝑋𝑖 = 𝑥𝑖)

INFO Proof

Proof. Only if. Take 𝐴𝑖 = {𝑥𝑖} for each 𝑖 in Definition 0.1.
If. Let 𝐴1, … , 𝐴𝑛 be sets of real numbers, and let 𝐶 be the set of tuples (𝑥1, … , 𝑥𝑛)
with each 𝑥𝑖 ∈ 𝐴𝑖 ∩ ℛ(𝑋𝑖). Each range ℛ(𝑋𝑖) is countable, so 𝐶 is countable. Each 𝑋𝑖
takes its values in ℛ(𝑋𝑖), so the event {𝑋1 ∈ 𝐴1, … , 𝑋𝑛 ∈ 𝐴𝑛} is the disjoint union of
the events {𝑋1 = 𝑥1, … , 𝑋𝑛 = 𝑥𝑛} over (𝑥1, … , 𝑥𝑛) ∈ 𝐶:
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Pr(𝑋1 ∈ 𝐴1, … , 𝑋𝑛 ∈ 𝐴𝑛) = ∑
(𝑥1,…,𝑥𝑛)∈𝐶

P(𝑋1 = 𝑥1, … , 𝑋𝑛 = 𝑥𝑛) (countable additivity over the disjoint events {𝑋1 = 𝑥1, … , 𝑋𝑛 = 𝑥𝑛})

= ∑
(𝑥1,…,𝑥𝑛)∈𝐶

𝑛
∏
𝑖=1

P(𝑋𝑖 = 𝑥𝑖) (the joint PMF factors)

=
𝑛

∏
𝑖=1

∑
𝑥𝑖∈𝐴𝑖∩ℛ(𝑋𝑖)

P(𝑋𝑖 = 𝑥𝑖) (a sum over the product set 𝐶 of non-negative products factors)

=
𝑛

∏
𝑖=1

Pr(𝑋𝑖 ∈ 𝐴𝑖) (countable additivity over the disjoint events {𝑋𝑖 = 𝑥𝑖})

Example 0.1 (Two fair coin flips). Flip two fair coins, and let 𝑋1 and 𝑋2 indicate heads
on the first and second flip. Each of the four outcomes has probability 1/4, so for example:

P(𝑋1 = 1, 𝑋2 = 1) = 1
4 = 1

2 ⋅ 1
2 = P(𝑋1 = 1) P(𝑋2 = 1)

and the same factorization holds for the other three pairs of values, so 𝑋1 ⟂⟂ 𝑋2 by
Theorem 0.1. In contrast, 𝑋1 and the total number of heads, 𝑋1 +𝑋2, are not independent:
P(𝑋1 = 0, 𝑋1 + 𝑋2 = 2) = 0, but P(𝑋1 = 0) P(𝑋1 + 𝑋2 = 2) = 1

2 ⋅ 1
4 = 1

8 .

Theorem 0.2 (Independence with densities: the joint density factors). Continuous
case. Continuous random variables 𝑋 and 𝑌 with densities p(𝑋 = 𝑥) and p(𝑌 = 𝑦) are
statistically independent if and only if the product p(𝑋 = 𝑥) p(𝑌 = 𝑦) is a joint density
of 𝑋 and 𝑌 .
Mixed case. A discrete random variable 𝑋 and a continuous random variable 𝑌 with
density p(𝑌 = 𝑦) are statistically independent if and only if the product P(𝑋 = 𝑥) p(𝑌 = 𝑦)
is a joint density-mass function of 𝑋 and 𝑌 .

Remark. The proof is beyond these notes’ scope: it needs measure theory that the notes do
not develop, to extend a density’s integrals from intervals to general sets and to exchange
the order of integration (Casella and Berger 2002; Billingsley 1995). The continuous case
extends to 𝑛 random variables with a joint density of all 𝑛. The statement says “a joint
density” rather than “the joint density” because a density is not unique: changing it on a
set of zero area (zero length, in the mixed case) changes none of its integrals.

Example 0.2 (The PMF form fails for continuous random variables). The factorization
in Theorem 0.1 does not work as a definition of independence for continuous random
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variables: there, both sides are 0 at every point, so it would call every pair of continuous
random variables independent. For instance, let 𝑋 ∼ Uniform(0, 1) (uniform distribution),
whose density is 1 on [0, 1], and let 𝑌 = 𝑋. For all real numbers 𝑥 and 𝑦, the event
{𝑋 = 𝑥, 𝑌 = 𝑦} is {𝑋 = 𝑥} if 𝑦 = 𝑥 and empty otherwise, so it has probability 0, because
Pr(𝑋 = 𝑥) = 0 for the continuous 𝑋. Likewise Pr(𝑋 = 𝑥) Pr(𝑌 = 𝑦) = 0 ⋅ 0 = 0, so the
PMF form holds. But 𝑋 and 𝑌 are not independent:

Pr(𝑋 ∈ [0, 1
2 ], 𝑌 ∈ [0, 1

2 ]) = Pr(𝑋 ∈ [0, 1
2 ]) (𝑌 = 𝑋)

= ∫
1/2

0
1 𝑑𝑥 (the density of 𝑋 is 1 on [0, 1])

= 1
2 (integrate)

while Pr(𝑋 ∈ [0, 1
2 ]) Pr(𝑌 ∈ [0, 1

2 ]) = 1
2 ⋅ 1

2 = 1
4 .

Definition 0.2 (Conditional independence). Random variables 𝑌1, … , 𝑌𝑛 are condition-
ally independent given a discrete random variable (or vector) 𝑋̃ if, for every value ̃𝑥
with Pr(𝑋̃ = ̃𝑥) > 0 and all sets of real numbers 𝐴1, … , 𝐴𝑛, the conditional probability
that every 𝑌𝑖 falls in its set is the product of the individual conditional probabilities:

Pr(𝑌1 ∈ 𝐴1, … , 𝑌𝑛 ∈ 𝐴𝑛 ∣ 𝑋̃ = ̃𝑥) =
𝑛

∏
𝑖=1

Pr(𝑌𝑖 ∈ 𝐴𝑖 ∣ 𝑋̃ = ̃𝑥)

When 𝑋̃ is continuous, every event {𝑋̃ = ̃𝑥} has probability 0, so the condition is stated
with densities instead: for every ̃𝑥 with p(𝑋̃ = ̃𝑥) > 0 and all 𝑦1, … , 𝑦𝑛,

p(𝑋̃ = ̃𝑥, 𝑌1 = 𝑦1, … , 𝑌𝑛 = 𝑦𝑛)
p(𝑋̃ = ̃𝑥)

=
𝑛

∏
𝑖=1

p(𝑋̃ = ̃𝑥, 𝑌𝑖 = 𝑦𝑖)
p(𝑋̃ = ̃𝑥)

where each p(⋅) is a joint density (with probability masses in place of densities for any
discrete 𝑌𝑖, as in a joint density-mass function).

Remark. For continuous 𝑋̃, each ratio in the density form is the density of the 𝑌 ’s under
their conditional distribution given 𝑋̃ = ̃𝑥, so both forms say the same thing: given
𝑋̃ = ̃𝑥, the 𝑌𝑖’s joint distribution factors.

Example 0.3 (Two tests of the same patient). Let 𝑋 indicate whether a patient has a
disease, and let 𝑌1 and 𝑌2 indicate positive results on two tests whose errors are unrelated,
so that 𝑌1 and 𝑌2 are conditionally independent given 𝑋. Suppose Pr(𝑋 = 1) = 0.1, each
test is positive with probability 0.9 if 𝑋 = 1 and with probability 0.1 if 𝑋 = 0. Then, by
the law of total probability:
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Pr(𝑌1 = 1, 𝑌2 = 1) = (0.9)(0.9)(0.1) + (0.1)(0.1)(0.9) (condition on 𝑋; factor given 𝑋)
= 0.081 + 0.009 (multiply)
= 0.09 (add)

but Pr(𝑌1 = 1) = (0.9)(0.1) + (0.1)(0.9) = 0.18, so Pr(𝑌1 = 1) Pr(𝑌2 = 1) = 0.0324 ≠
0.09: the tests are conditionally independent given 𝑋, but not independent.

Example 0.4 (Two coins, given their total). Let 𝑌1 and 𝑌2 indicate heads on two fair
coin flips, which are independent (Example 0.1), and let 𝑋 = 𝑌1 + 𝑌2 be the number of
heads. Given 𝑋 = 1, which has probability 1/2, exactly one coin is heads, so:

Pr(𝑌1 = 1, 𝑌2 = 1 ∣ 𝑋 = 1) = Pr(𝑌1 = 1, 𝑌2 = 1, 𝑋 = 1)
Pr(𝑋 = 1)

(definition of conditional probability)

= 0
1/2

(two heads make 𝑋 = 2, not 1)

= 0 (divide)

but

Pr(𝑌1 = 1 ∣ 𝑋 = 1) = Pr(𝑌1 = 1, 𝑋 = 1)
Pr(𝑋 = 1)

(definition of conditional probability)

= Pr(𝑌1 = 1, 𝑌2 = 0)
Pr(𝑋 = 1)

(𝑌1 = 1 and 𝑋 = 1 means 𝑌2 = 0)

= 1/4
1/2

(substitute)

= 1
2 (divide)

and likewise Pr(𝑌2 = 1 ∣ 𝑋 = 1) = 1/2, so the product of the conditional probabilities is
1/4 ≠ 0: 𝑌1 and 𝑌2 are independent, but not conditionally independent given 𝑋.

Proposition 0.1 (Neither independence nor conditional independence implies the other).
There are random variables 𝑌1, 𝑌2, and 𝑋 such that 𝑌1 and 𝑌2 are conditionally independent
given 𝑋 but not independent, and there are random variables 𝑌1, 𝑌2, and 𝑋 such that 𝑌1
and 𝑌2 are independent but not conditionally independent given 𝑋.
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INFO Proof

Proof. Example 0.3 gives the first case, and Example 0.4 gives the second.

Proposition 0.2 (Conditional independence when each 𝑌𝑖 depends only on its own 𝑋𝑖).
Let 𝑋̃ = (𝑋1, … , 𝑋𝑛) be a discrete random vector, and let 𝑌1, … , 𝑌𝑛 be conditionally
independent given 𝑋̃. Suppose also that each 𝑌𝑖 depends on 𝑋̃ only through 𝑋𝑖: for every

̃𝑥 = (𝑥1, … , 𝑥𝑛) with Pr(𝑋̃ = ̃𝑥) > 0 and every set of real numbers 𝐴𝑖,

Pr(𝑌𝑖 ∈ 𝐴𝑖 ∣ 𝑋̃ = ̃𝑥) = Pr(𝑌𝑖 ∈ 𝐴𝑖 ∣ 𝑋𝑖 = 𝑥𝑖)

Then, for every such ̃𝑥 and all sets of real numbers 𝐴1, … , 𝐴𝑛:

Pr(𝑌1 ∈ 𝐴1, … , 𝑌𝑛 ∈ 𝐴𝑛 ∣ 𝑋̃ = ̃𝑥) =
𝑛

∏
𝑖=1

Pr(𝑌𝑖 ∈ 𝐴𝑖 ∣ 𝑋𝑖 = 𝑥𝑖)

INFO Proof

Proof. Each conditional probability given 𝑋𝑖 = 𝑥𝑖 is defined, because Pr(𝑋𝑖 = 𝑥𝑖) ≥
Pr(𝑋̃ = ̃𝑥) > 0. So:

Pr(𝑌1 ∈ 𝐴1, … , 𝑌𝑛 ∈ 𝐴𝑛 ∣ 𝑋̃ = ̃𝑥) =
𝑛

∏
𝑖=1

Pr(𝑌𝑖 ∈ 𝐴𝑖 ∣ 𝑋̃ = ̃𝑥) (conditional independence given 𝑋̃)

=
𝑛

∏
𝑖=1

Pr(𝑌𝑖 ∈ 𝐴𝑖 ∣ 𝑋𝑖 = 𝑥𝑖) (each 𝑌𝑖 depends on 𝑋̃ only through 𝑋𝑖)

Remark. In regression, 𝑋̃ is usually the full set of covariates (𝑋1, … , 𝑋𝑛), and a model
usually also assumes, as Proposition 0.2 does, that each 𝑌𝑖 depends on the covariates only
through its own 𝑋𝑖. That second assumption is a separate one, not part of conditional
independence.

Definition 0.3 (Identically distributed). Random variables 𝑋1, … , 𝑋𝑛 are identically
distributed if they all have the same CDF:

∀𝑖 ∈ {1, … , 𝑛}, ∀𝑥 ∈ ℝ ∶ Pr(𝑋𝑖 ≤ 𝑥) = Pr(𝑋1 ≤ 𝑥)
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Theorem 0.3 (Identically distributed discrete random variables have the same PMF).
Discrete random variables 𝑋1, … , 𝑋𝑛 are identically distributed if and only if they all
have the same PMF: for every 𝑖 ∈ {1, … , 𝑛} and every real number 𝑥,

P(𝑋𝑖 = 𝑥) = P(𝑋1 = 𝑥)

INFO Proof

Proof. Write 𝐹𝑖(𝑡)
def= Pr(𝑋𝑖 ≤ 𝑡) for the CDF of 𝑋𝑖.

Only if: the CDF determines the PMF through its jumps. Fix 𝑖 and 𝑥. Every
number below 𝑥 lies in exactly one of the intervals (−∞, 𝑥−1], (𝑥−1, 𝑥− 1

2 ], (𝑥− 1
2 , 𝑥− 1

3 ],
…, so the event {𝑋𝑖 < 𝑥} is the disjoint union of the events 𝐵1

def= {𝑋𝑖 ≤ 𝑥 − 1} and
𝐵𝑘

def= {𝑥 − 1
𝑘−1 < 𝑋𝑖 ≤ 𝑥 − 1

𝑘} for 𝑘 ≥ 2, and for each 𝐾, the events 𝐵1, … , 𝐵𝐾 have
union {𝑋𝑖 ≤ 𝑥 − 1

𝐾 }:

Pr(𝑋𝑖 < 𝑥) =
∞

∑
𝑘=1

Pr(𝐵𝑘) (countable additivity)

= lim
𝐾→∞

𝐾
∑
𝑘=1

Pr(𝐵𝑘) (definition of an infinite series)

= lim
𝐾→∞

Pr(𝑋𝑖 ≤ 𝑥 − 1
𝐾 ) (finite additivity)

= lim
𝐾→∞

𝐹𝑖(𝑥 − 1
𝐾 ) (definition of the CDF)

The event {𝑋𝑖 ≤ 𝑥} is the disjoint union of {𝑋𝑖 < 𝑥} and {𝑋𝑖 = 𝑥}, so:

P(𝑋𝑖 = 𝑥) = Pr(𝑋𝑖 ≤ 𝑥) − Pr(𝑋𝑖 < 𝑥) (finite additivity)
= 𝐹𝑖(𝑥) − Pr(𝑋𝑖 < 𝑥) (definition of the CDF)
= 𝐹𝑖(𝑥) − lim

𝐾→∞
𝐹𝑖(𝑥 − 1

𝐾 ) (the display above)

= 𝐹1(𝑥) − lim
𝐾→∞

𝐹1(𝑥 − 1
𝐾 ) (𝐹𝑖 = 𝐹1)

= P(𝑋1 = 𝑥) (the same two steps, for 𝑋1)

If: the PMF determines the CDF through sums. Let 𝑆 be the set of values 𝑢 with
P(𝑋1 = 𝑢) > 0. Since the PMFs are equal, 𝑆 is also the set of 𝑢 with P(𝑋𝑖 = 𝑢) > 0, so
𝑆 ⊆ ℛ(𝑋𝑖) and 𝑆 ⊆ ℛ(𝑋1). For every real 𝑡, the event {𝑋𝑖 ≤ 𝑡} is the disjoint union of
the events {𝑋𝑖 = 𝑢} over the countably many 𝑢 ∈ ℛ(𝑋𝑖) with 𝑢 ≤ 𝑡, so:
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𝐹𝑖(𝑡) = ∑
𝑢∈ℛ(𝑋𝑖), 𝑢≤𝑡

P(𝑋𝑖 = 𝑢) (countable additivity)

= ∑
𝑢∈𝑆, 𝑢≤𝑡

P(𝑋𝑖 = 𝑢) (drop the terms that are 0)

= ∑
𝑢∈𝑆, 𝑢≤𝑡

P(𝑋1 = 𝑢) (the PMFs are equal)

= ∑
𝑢∈ℛ(𝑋1), 𝑢≤𝑡

P(𝑋1 = 𝑢) (restore the terms that are 0)

= 𝐹1(𝑡) (countable additivity)

Remark. As with independence (Example 0.2), the PMF form would not work as a
definition in general: every continuous random variable has Pr(𝑋𝑖 = 𝑥) = 0 at every 𝑥.

Example 0.5 (Identically distributed but not independent). In Example 0.1, 𝑋1 and
1−𝑋1 (the indicator of tails on the first flip) both take the values 0 and 1 with probability
1/2 each, so they are identically distributed (Theorem 0.3). They are not independent:
knowing one determines the other.

Definition 0.4 (Conditionally identically distributed). Random variables 𝑌1, … , 𝑌𝑛
are conditionally identically distributed given random variables 𝑋1, … , 𝑋𝑛 if the
conditional CDF of each 𝑌𝑖 given 𝑋𝑖 = 𝑥 is one shared function 𝐺(𝑦 ∣ 𝑥) of 𝑦 and 𝑥: for
every 𝑖 ∈ {1, … , 𝑛}, every 𝑦, and every 𝑥 with Pr(𝑋𝑖 = 𝑥) > 0,

Pr(𝑌𝑖 ≤ 𝑦 ∣ 𝑋𝑖 = 𝑥) = 𝐺(𝑦 ∣ 𝑥)

When 𝑋𝑖 is continuous, the condition applies at every 𝑥 with p(𝑋𝑖 = 𝑥) > 0, with Pr(𝑌𝑖 ≤
𝑦 ∣ 𝑋𝑖 = 𝑥) computed from densities: the integral of p(𝑋𝑖 = 𝑥, 𝑌𝑖 = 𝑢)/ p(𝑋𝑖 = 𝑥) over
𝑢 ≤ 𝑦 (a sum over values 𝑢 ≤ 𝑦 when 𝑌𝑖 is discrete).

Example 0.6 (A shared regression model). Suppose each 𝑌𝑖 is binary, with Pr(𝑌𝑖 = 1 ∣
𝑋𝑖 = 𝑥) = 𝜋(𝑥) for one function 𝜋 shared by every 𝑖 (for instance, 𝜋(𝑥) = 𝑥/(1 + 𝑥) for a
dose 𝑥 ≥ 0). Then 𝑌1, … , 𝑌𝑛 are conditionally identically distributed given 𝑋1, … , 𝑋𝑛,
with 𝐺(𝑦 ∣ 𝑥) = 1 − 𝜋(𝑥) for 0 ≤ 𝑦 < 1 (and 0 for 𝑦 < 0, 1 for 𝑦 ≥ 1). Their marginal
distributions can still differ: if participant 1 always receives dose 0 and participant 2
always receives dose 1, then Pr(𝑌1 = 1) = 0 but Pr(𝑌2 = 1) = 1/2.
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Definition 0.5 (Independent and identically distributed). Random variables 𝑋1, … , 𝑋𝑛
are independent and identically distributed (shorthand: “𝑋𝑖 iid”) if they are:

• statistically independent, and
• identically distributed.

Remark. The IID assumption is one of the most common assumptions in introductory
statistics: it says a sample 𝑋1, … , 𝑋𝑛 can be treated as 𝑛 independent draws from a
single shared distribution.

Example 0.7 (Repeated die rolls). The results of 𝑛 rolls of the same fair die are IID:
the rolls are independent, and each is uniform on {1, … , 6}.

Definition 0.6 (Conditionally independent and identically distributed). Random vari-
ables 𝑌1, … , 𝑌𝑛 are conditionally independent and identically distributed given
𝑋1, … , 𝑋𝑛 (shorthand: “𝑌𝑖 ∣ 𝑋𝑖 ciid” or just “𝑌𝑖 ∣ 𝑋𝑖 iid”) if:

• 𝑌1, … , 𝑌𝑛 are conditionally independent given (𝑋1, … , 𝑋𝑛),
• each 𝑌𝑖 depends on (𝑋1, … , 𝑋𝑛) only through 𝑋𝑖, and
• 𝑌1, … , 𝑌𝑛 are conditionally identically distributed given 𝑋1, … , 𝑋𝑛.

Example 0.8 (The usual regression assumption). In Example 0.6, if the 𝑌𝑖 are also condi-
tionally independent given all the doses, and each 𝑌𝑖 depends on the doses only through its
own 𝑋𝑖, then 𝑌𝑖 ∣ 𝑋𝑖 ciid, and the joint conditional PMF is ∏𝑛

𝑖=1 𝜋(𝑥𝑖)𝑦𝑖(1 − 𝜋(𝑥𝑖))1−𝑦𝑖 :
one shared function evaluated at each (𝑥𝑖, 𝑦𝑖).

LIGHTBULB Video lecture

Hutchinson’s Probability Refresher (27 min) covers independence (Hutchinson, n.d.). The
login for the video site is posted on Canvas.
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