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1 -algebras
Definition 1 (-algebra (-field, Borel field)) A -algebra [1] (also called a -field [2] or a Borel field [3], Definition 1.2.1) on a set  is a collection  of subsets of  that satisfies:
·  contains  itself.
· For each set  in ,  contains its complement .
· For each sequence  of sets in ,  contains their union .
Remark 1 (“Borel” in “Borel field”). The “Borel” in “Borel field” is a different use of “Borel” from the Borel -algebra on , which is one particular -algebra.
Example 1 (-algebras for die rolls) For the die rolls  (sets of die rolls), the collection of all subsets of  is a -algebra on , since complements and unions of subsets of  are again subsets of . So is the smaller collection

which contains , the complement of each of its sets, and every union of its sets: for example, .
Example 2 (A collection that is not a -algebra) The collection  is not a -algebra on : it contains  but not its complement .
Example 3 (A -algebra is closed under complements and countable unions) A -algebra  on a set  is closed under complements in  and under unions of sequences of its sets, because Definition 1 requires both. The collection in Example 2 is not closed under complements.
Theorem 1 (Closure properties of a -algebra) If  is a -algebra on a set , then  contains:
· the empty set ;
· the union  of any finitely many sets  in ;
· the intersection  of any sequence  of sets in .
So  is closed under finite unions and under intersections of sequences of its sets.
Proof. Empty set.  contains , so it contains the complement of , which is .
Finite unions. Extend  to a sequence by setting

each of these sets is in , by the first part. Then:

and  contains  by the union rule of Definition 1.
Countable intersections. Each  is a subset of , so an element of  is outside  exactly when it is in ; that is, . So, by De Morgan’s laws:

Each  is in  by the complement rule, so their union is in  by the union rule, and the complement of that union is in  by the complement rule again.
Theorem 2 (All subsets form a -algebra) For any set , the collection of all subsets of  is a -algebra on .
Proof. Each condition of Definition 1 holds:
·  is a subset of itself.
· For each subset  of , the complement  contains only elements of , so it is a subset of .
· For each sequence  of subsets of , every element of  is in some  and so in ; the union is a subset of .
Theorem 3 (An intersection of -algebras is a -algebra) Let  be a -algebra on a set  for each  in a nonempty set of indices . Then their intersection , the collection of subsets of  that are in every , is a -algebra on .
Proof. Each condition of Definition 1 holds:
·  is in every , so it is in the intersection.
· If  is in the intersection, then  is in every , so its complement  is in every , and so it is in the intersection.
· If  are in the intersection, then they are in every , so their union  is in every , and so it is in the intersection.
Definition 2 (-algebra generated by a collection) Let  be a collection of subsets of a set . The -algebra generated by , written , is the intersection of all the -algebras on  that contain every set in .
Remark 2 (The smallest -algebra containing ).  is a -algebra by Theorem 3 (the collection of all subsets of  is one of the -algebras intersected, by Theorem 2, so there is at least one). It contains every set in , and it is contained in every other -algebra on  that does, so it is the smallest -algebra on  that contains .
Example 4 (The -algebra generated by the even rolls) For the die rolls , let . Every -algebra on  that contains  must also contain , the complement , and  (Definition 1 and Theorem 1). The collection  is already a -algebra (Example 1), so it is .
Definition 3 (Borel -algebra) The Borel -algebra on , written , is the -algebra generated by (Definition 2) the collection of all intervals.
Example 5 (The Borel -algebra contains  and the half-lines) The interval  is in  by Definition 3. So is its complement , because  is a -algebra (Definition 1). The set  is in  too: a -algebra on  contains  itself.
Definition 4 (Borel set) A Borel set [4] is a set in the Borel -algebra .
Example 6 (Some Borel sets)  
· Every interval, such as , , or , is a Borel set.
· A single point  is an interval, so it is a Borel set.
· The integers are a Borel set: they are the union of the sequence of single points  (countable and uncountable sets lists them this way), and  contains that union by Definition 1.
· The complement  is a Borel set, because  contains the complement of each of its sets.
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