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1 Product measures
Definition 1 (Measurable rectangle) Let  and  be measurable spaces. A measurable rectangle is a Cartesian product  with  and .
Definition 2 (Product -algebra) For the measurable spaces  and  of Definition 1, the product -algebra  is the -algebra on  generated by the measurable rectangles.
Example 1 (Product -algebras)  
· Give the die rolls  the -algebra  of all its subsets. Each single pair  in  is a measurable rectangle. Every subset of  is a union of finitely many single pairs, and  contains finite unions of its sets (Theorem 1 in Sigma-Algebras), as well as , so  is the collection of all subsets of .
· The rectangle  is a measurable rectangle for the Borel -algebras, so it is in .
Definition 3 (Product measure) Let  and  be measure spaces with -finite measures  and . The product measure  is the measure on the product -algebra  that gives each measurable rectangle the product of the measures of its sides:

with  and  for . Exactly one measure has these values [1], Theorem 18.2.
Example 2 (Product measures)  
· For the counting measure  on the die rolls , , the number of pairs in . For example, the set of pairs in which both rolls are even is , with

· pairs.
· For Lebesgue measure  on ,

· the area of the rectangle.
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