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Design Matrix

Definition 0.1 (Design matrix, model matrix). In a regression model with n observations
and p predictors, the design matrix [1] (or model matrix) X is the n x p matrix whose
i-th row is the covariate vector aNsiT for observation ¢:
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Remark (Products with the design matrix)

Remark 0.1 (Products with the design matrix). The product X collects the values z; '3
for all n observations into a single n x 1 vector: - -
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For example, take the rank-2 matrix from Example 2 in Subspaces and Rank as X, with
n = 3 observations and p = 2 columns: an intercept column and one covariate. With

B =(12),
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The matrix XX is p x p and symmetric, since
X'X) =X"(x")’
=X"X

(Theorem 17 in Matrices). When XX is invertible, it appears in the least squares
solution (Definition 0.10, defined later in this chapter) 8 = (X"X)™1XTy.

Theorem 0.1 (XX is invertible when X has full column rank). If X is an n x p matriz
with rank(X) = p (Definition 2 in Subspaces and Rank), then the p x p matriz XX is
invertible.

Proof
Proof. Let ¢ be a vector of length p with XTXg = 0. Then
0=c"X"Xc  (multiply X'Xc¢ = 0 on the left by ¢")
= (Xg)T(Xg) (transpose of a product)
= |Xc|? (definition of the Euclidean norm)

so Xc = 0. Because Xc¢ = ¢;(column 1) + - + ¢, (column p) and the columns of X are
hnearly 1ndependent ¢ = 0. So the only solution of XTXC = 0 is ¢ = 0, which says that
the columns of the square matrix XX are linearly 1ndependent and a square matrix

with linearly independent columns is invertible [2], Corollary 5.7, p. 143. ]
11
Example 0.1 (Inverting X'X). For the rank-2 matrix X = 2| from Example 2 in
1 3
Subspaces and Rank:
3 6 -1 1714 —6
TY — T _
X X‘[ﬁ 14]’ (X7X) _6[—6 3}’

and multiplying the two out gives I,.
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Definition 0.2 (Hat matrix). For an n x p design matrix X (Definition 0.1) with
rank(X) = p, the hat matrix [3] is the n x n matrix

H © X (XTX)1X]

nxn nxp pXn

PXxp
The inverse exists by Theorem 0.1.

Example 0.2 (The hat matrix of an intercept-only model). With n = 2 observations

and only an intercept, X = [ﬂ (2 x 1, rank 1), so X' X = 2 and
1] 1
H = [1].2.[1 1]

05 05

~ 0.5 05|
Then Hy = (y,y), where y = (y; + y5)/2: the fitted values of an intercept-only model are
the sample mean.

Theorem 0.2 (Hat matrix is a projection matrix). If X is an n X p design matriz with
rank(X) = p, then the hat matrix H (Definition 0.2) is an orthogonal projection matrix
(Definition 8 in Special Matrices and Decompositions).

1 Proof
Proof. We verify symmetry and idempotency. Both use that XX is symmetric,
(XTX) =X7(x7)'
=X'X

(Theorem 17 in Matrices), so its inverse is symmetric too (Corollary 1 in Special Matrices
and Decompositions).
Symmetry:

T

H' = (X(XTX)!'XT) (definition of H)
=(xN'. (XTX _1)T - X T (transpose of a product, twice)
=X- ((XTX)_l)T > d (transposing twice changes nothing)
=X - (X™X)"1.X" (the inverse of a symmetric matrix is symmetric)
(

=H definition of H)
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Idempotency:

H? = X(XTX) !XT . X(XTX)"1XT (definition of H)
=X(XTX)"1(XTX)(XTX)1XT (regroup; matrix multiplication is associative)
=XIL,(X'X)"'X" (definition of the inverse)
=X(X"TX)"1XT" (identity matrix)
=H (definition of H)

O
. o N 0.5 0.5
Example 0.3 (The intercept-only hat matrix is a projection). For H = 05 0.5 from

Example 0.2, HT = H, and

H2 — 0.5-054+0.5-0.5 05-0540.5-0.5
~10.5-0540.5-05 0.5-05+0.5-0.5

[0 05
~ 05 05

as Theorem 0.2 says.

Remark (Why it is called the hat matrix)

Remark 0.2 (Why it is called the hat matrix). The hat matrix gives the fitted values of
the least squares solution (Definition 0.10, defined later in this chapter):

X
X
H
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XTX)1XTy
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Multiplying by H “puts a hat” on y, which is where the name comes from. In Example 0.2,
H puts a hat on y by replacing each y, with the sample mean j.



Orthogonal projection onto a subspace

(]
1 Source

This section is adapted from the second half of Zhou [4], used under the MIT License
(see the license text in Section 2 in Subspaces and Rank). It connects the orthogonal
projection matrices of Definition 8 in Special Matrices and Decompositions, defined by
an algebraic property, to the geometric decomposition of Theorem 8 in Direct Sums and
Orthogonal Complements.

Definition 0.3 (Orthogonal projection onto a subspace). Let § be a subspace of R?
and y € RP. By Theorem 8 in Direct Sums and Orthogonal Complements, y = u + v for
exactly one u€EsandvE 8*. The vector u is the orthogonal projection of y onto S.
It is the prOJectlon of y onto 8 along §* (Deﬁnltlon 4 in Direct Sums and Orthogonal
Complements).

Example 0.4 (Projecting onto a line in R?). In Example 15 in Direct Sums and Orthogonal
Complements, y = (3,1, 2) splits as (2,2,0)+(1,—1,2), with (2,2,0) € § = span{(1,1,0)}
and (1,—1,2) € §*. So the orthogonal projection of (3,1,2) onto & is (2,2,0). A vector
already in &, such as (5,5, 0), is its own projection, since (5,5,0) = (5,5,0)+0 and 0 € S+
(Theorem 6 in Direct Sums and Orthogonal Complements, Theorem 1 in Subspaces and
Rank); a vector of 8, such as (1,—1,2), projects to 0, since (1,—1,2) = 0 + (1,—1,2)
and 0 € § (Theorem 1 in Subspaces and Rank).

Example 0.5 (A split that is not the orthogonal one). (3,1,2) = (3,3,0) + (0, —2,2) also
writes (3,1, 2) as a vector of § = span{(1,1,0)} plus a remainder, but (1,1,0)-(0,—2,2) =
—2 # 0, so the remainder is not in 8+, and (3, 3,0) is not the orthogonal projection of
(3,1,2) onto 8.

Theorem 0.3 (The orthogonal projection is the closest point). Let § be a subspace of
RP, let y€e RP, and let u be the orthogonal projection ofy onto 8§ (Definition 0.3). Then
for every weE s,

ly = ull <y —wl,

with equality only when w = u.

~
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i Proof

Proof. By Definition 0.3, y —u € S*. Both uand warein §,sou—w=u+(-1)wes
(Definition 4 in Subspaces and Rank), and therefore (y —u) L (u —w) (Definition 5 in
Direct Sums and Orthogonal Complements). Then — ~

ly — wl? = Iy —w) + (u— w)|? (add and subtract )

=y - ul® + u—w|* (Pythagorean theorem, Theorem 2 in Inner Products and Orthogonality)

> |y — ul?, (Ju —w|?* > 0, Theorem 1 in Inner Products and Orthogonality)
with equality exactly when |u—w|| = 0, that is, when w = u (Theorem 1 in Inner
Products and Orthogonality, part 1). Taking nonnegative square roots preserves the
inequality. O

Example 0.6 (No point of the line is closer). In Example 0.4, y = (3,1, 2) has projection
u = (2,2,0) onto & = span{(1,1,0)}, at distance |(1,—1,2)] = /6. Another point of 8,
such as w = (3,3,0), is farther:

_ VB
> V6,

and the difference of squares is

Ju —w|? = (=1,-1,0)|
=2
—8—6,

by the Pythagorean theorem (Theorem 2 in Inner Products and Orthogonality), since
y—ueS andu—weSs.

~

Theorem 0.4 (Projecting with an orthonormal basis). Let § be a subspace of RP with
dim(S) = r > 1, and let Q be the p x r matriz whose columns qy»---+4q, are an orthonormal
basis of S (Definition 10 in Inner Products and Orthogonality, Corollary 4 in Inner Products
and Orthogonality). Then for every y € RP, QQ"y is the orthogonal projection of y onto
8, and QQ' is an orthogonal projection matriz™(Definition 8 in Special Matrices and
Decompositions).
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i Proof

Proof. Q'Q =1,. Write ¢, for entry k of q,, which is entry (k,i) of Q. Then

p
(Q'Q);; = Z(QT)M qx; (Definition 7 in Matrices)
k=1
P
= Z Qi Qi (Definition 3 in Matrices)
k=1
=q,"q; (Definition 8 in Vectors)

which is 1 if i = j and 0 otherwise (Definition 23 in Vectors), so Q' Q = I,. (Definition 12
in Matrices).

The split. Let u = QQ'y and v=y—u,s0y=u+v. u=Q (Q"y) (Theorem 5 in
Matrices) is in €(Q) (Definition 1 in Column Space, Null Space and Rank-Nullity), which
is span{ql, ey qT} = &8 (Theorem 1 in Column Space, Null Space and Rank-Nullity). For
v,

~

Qv=Q"(y—QQ'y) (substitute)
) = QTZN/N— Q' (QZ)T ) (Theorem 4 in Subspaces and Rank, with coefficients 1 and — 1)
= QT -(Q'Q) QTy (Theorem 5 in Matrices)
= QT -1, QT N (Q"Q =1, from the first part of the proof)
= QTy QT (Theorem 8 in Matrices)
(

=0,,
sov € N(QT), and

arithmetic)

N(QT) =c(Q)"
— st
(Theorem 7 in Direct Sums and Orthogonal Complements). By the uniqueness in Theo-
rem 8 in Direct Sums and Orthogonal Complements, u is the orthogonal projection of y
onto .
QQ' is symmetric and idempotent.

(QQT)T = (QT)T Q" (Theorem 17 in Matrices)
=QQ', (transposing twice, Definition 3 in Matrices)

and

(QQNH(QQN) =Q(Q'Q)Q" (Theorem 5 in Matrices)
=QL. Q' (Q'Q =1,, from the first part of the proof)
=QQ'. (Theorem 8 in Matrices)
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O

Example 0.7 (The projection matrix onto a line). For § = span{(1,1,0)}, the single
vector ¢, = % (1,1,0) is an orthonormal basis: it spans &, it is nonzero and so linearly

independent, and
la =z +3z+0

With Q = [q, ],

ZQ

1
QQT:;H 1 1 0

O NN

I
1

Applied to y = (3,1,2), it gives (231, 2351,0) = (2,2,0), the projection found in Exam-
ple 0.4.

~

Theorem 0.5 (A projection matrix projects onto its column space, and is the only one
that does).

1. If P is a p X p orthogonal projection matriz (Definition 8 in Special Matrices and
Decompositions), then for every y€ RP, Py is the orthogonal projection ofy onto
C(P) (Definition 0.3).
2. If P, and P, are p X p matrices such that, for every y, both P,y and P2y are the
orthogonal projection Ofy onto the same subspace 8, then P, =P,.

1 Proof

Proof. Part 1. Write y = Py + (y — Py). The first term is in €(P) (Definition 1 in
Column Space, Null Space and Rank-Nullity). For the second,
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P(y—Py) =Py —P (Py) (Theorem 4 in Subspaces and Rank, with coefficients 1 and — 1)
i T = Pg: — (PP)Ny (Theorem 5 in Matrices)
= P; — P2y i (Definition 2 in Special Matrices and Decompositions)
= PZ — PyN (P is idempotent)
= QPN, i (arithmetic)

soy — Py € N(P). Since P =P,

N(P)=N(PT)
— e(P)t

(Theorem 7 in Direct Sums and Orthogonal Complements). By the uniqueness in Theo-
rem 8 in Direct Sums and Orthogonal Complements, Py is the orthogonal projection of y
onto C(P). - -
Part 2. The orthogonal projection of a vector onto & is unique (Definition 0.3), so
P,e; = Pye; for each indicator vector e; (Definition 18 in Vectors). P;e; is column j of
P,: by Theorem 3 in Subspaces and Rank it is the combination of the columns of P,
with coeflicients the entries of e;, which are 1 in place j and 0 elsewhere (Definition 18 in
Vectors). Likewise for P,, so the two matrices have the same columns. O

00
Example 12 in Special Matrices and Decompositions is an orthogonal projection matrix,
and its column space is span{(1,0)}, the horizontal axis. By part 1, P(v;,v5) = (v4,0)
is the orthogonal projection onto that axis: the remainder (0, v,) is orthogonal to (1,0).
The vector ¢, = (1,0) has length 1 and spans the axis, so it is an orthonormal basis of it,
and with B'= [q,],

1
Example 0.8 (Two routes to the same projection matrix). The matrix P = [ 0} of

as part 2 and Theorem 0.4 require.
11
0 0
also maps every vector into the horizontal axis. It sends (0,1) to (1,0), but the remainder
(0,1) — (1,0) = (—1,1) is not orthogonal to the axis, so (1,0) is not the orthogonal
projection of (0,1) onto the axis, which is P(0,1) = (0,0).

The oblique projection Q = [ ] of Example 12 in Special Matrices and Decompositions
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Theorem 0.6 (The hat matrix projects onto the column space of the design matrix). If
X is an n X p design matriz with rank(X) = p, then for every y € R™, Hy (Definition 0.2)
is the orthogonal projection of y onto C(X). So H = QQ" for any n x p matriz Q whose
columns are an orthonormal basis of C(X).

1 Proof

Proof. H is an orthogonal projection matrix (Theorem 0.2), so Hy is the orthogonal
projection of y onto €(H) (Theorem 0.5, part 1). It remains to show C(H) = €(X).
C(H) C ¢(X). Hz = X((X"X)'XT2) (Theorem 5 in Matrices), which is in €(X)
(Definition 1 in Column Space, Null Spaze and Rank-Nullity).

C(X) C C¢(H). First,

HX = X(XTX)"1XTX
=X ((XTX)"(X'X))
=XI,
=X.

Definition 0.2)
Theorem 5 in Matrices)

Definition 5 in Special Matrices and Decompositions)

o~ o~ o~ o~

Theorem 8 in Matrices)

So for every b € R?, Xb = (HX) b, since HX = X, and (HX) b = H(Xb) (Theorem 5
in Matrices), which is in C(H).

C(X) has dimension p > 1 (Theorem 6 in Column Space, Null Space and Rank-Nullity),
so an orthonormal basis of it has p vectors (Definition 9 in Subspaces and Rank), and
QQ" also gives the orthogonal projection onto €(X) (Theorem 0.4, with n in place of p
and 7 = p). By Theorem 0.5, part 2, H=QQ". O

Example 0.9 (The intercept-only hat matrix, from an orthonormal basis). For the
intercept-only design X = [ﬂ of Example 0.2, €(X) = span{(1,1)}, with orthonormal

basis ¢, = % (1,1), since

With Q = [ 1]7

f s

Q@ =4[}| 11 1)

10
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the hat matrix found in Example 0.2. The fitted values (y,y) are the closest point to
y on the line of constant vectors (Theorem 0.3), and the residuals (y; — y,y, — y) are
orthogonal to (1,1):

(L) (1 =¥ Y —¥Y) =y1 + Yo — 2y
:0’

since 2y = y; + Ys.

Generalized inverses and linear systems

[
1 Source

This section is adapted from Zhou [5], used under the MIT License (see the license text
in Section 2 in Subspaces and Rank). The source defers the existence of the Moore-
Penrose inverse to the singular value decomposition; the proof here builds it from a rank
factorization (Theorem 15 in Column Space, Null Space and Rank-Nullity) instead, and
the section adds the projection XGX' for any generalized inverse G of XX, which the
source does not cover. Theorem 0.13 restores the source’s formulas for the Moore-Penrose
inverse of a matrix of full column rank or full row rank, and the fourth equivalent statement
in Theorem 0.14 restores the source’s rank test for consistency. These parts of the source
are not part of this section:

e the QR forms of the full-rank formulas

o rank(A~) > rank(A), C(A) = C(AA™), rank(A) = rank(AA~) = rank(A~A),
and rank(A™) = rank(A)

e the remarks that AA~ and A~ A are projections, oblique in general and orthogonal
for A*

o the reflexive generalized inverse (conditions 1 and 2 alone), and the generalized
inverses of AT and kA

e the operation counts for the triangular solves, LU and QR, and the comparison of
the Cholesky factorization with LU

Theorem 0.7 (A scalar factor passes through a matrix product). For an m x k matrix
A, a k x n matriz B and a number c,

A (¢cB)=c(AB)
= (cA)B.

In particular, A(B—C) = AB — AC and (B— C)D = BD — CD for matrices of
compatible sizes, where B— C = B + (—1) C (Theorem 4 in Matrices, Definition 6 in

11
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Matrices).

i Proof

Proof. A (¢B) =c(AB). For each entry (4,7),

(A (cB)),; a; (¢B);; (Definition 7 in Matrices)

I
M»

N
Il
—_

I
Mw

a; (cby;)  (Definition 6 in Matrices)

N
Il
—

I
Mw

c(a; by;) (reorder the product of numbers)

N
Il
~

Il
iﬂ

i bij (factor ¢ out of the sum)
=1

=c(AB);; (Definition 7 in Matrices)
= (c(AB));;- (Definition 6 in Matrices)
(cA)B = c(AB). For each entry (3, j),

k
Z ) by (Definition 7 in Matrices, Definition 6 in Matrices)
=1
k
= Z - (factor ¢ out of the sum)
= (c(AB));;- (Definition 7 in Matrices, Definition 6 in Matrices)

Differences.

AB-C)=AB+(-1)C) (
=AB+ A((—1)C) (Theorem 6 in Matrices)
=AB+ (—1)(AC) (first part)
=AB - AC, (the difference as a sum)

and (B—C)D = BD — CD the same way, using the second law in Theorem 6 in Matrices

and the second part. A column vector is a matrix with one column, so all of this applies
with B, C or D a vector. ]

the difference as a sum)

Example 0.10 (Pulling a scalar out of a product). With A = [1 2] and B = {ﬂ :

12
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A(2B)=[1 2] [g}

=22

Y

and

2(AB) = 2(3 + 8)
= 22.

Definition 0.4 (Generalized inverse). A generalized inverse [6] of an m x n matrix A
is an n x m matrix G such that

A G A=A

mXxXn nxXm mxn

1
Example 0.11 (A matrix with many generalized inverses). Let A = [ 0

0 0
[911 912} Then
go1 922

}andG:

AGA = [g” 912} [1 0} (Definition 7 in Matrices, for AG)

0 0]({0 O
_|911 O o . .
=170 ol (Definition 7 in Matrices)

1

which equals A exactly when g;; = 1. So every matrix [g i 12} is a generalized inverse
21 Y922

of A: a generalized inverse need not be unique. The zero matrix is not one, since its (1, 1)

entry is 0.

Theorem 0.8 (An invertible matrix has only one generalized inverse). If A is an invertible
p X p matriz (Definition 6 in Special Matrices and Decompositions), its only generalized
inverse is A71,

1 Proof

Proof.
AATTA=T,A
=A

(Definition 5 in Special Matrices and Decompositions, Theorem 8 in Matrices), so A~1 is

13
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a generalized inverse. If G is any generalized inverse, then

G=1,GI, (Theorem 8 in Matrices)

= (A7'A)G (AA™!) (Definition 5 in Special Matrices and Decompositions)

= A1 (AGA)A! (Theorem 5 in Matrices)

=A1TAA! (Definition 0.4)

=1, At (Definition 5 in Special Matrices and Decompositions)
(

=A% Theorem 8 in Matrices)

O]

2 1
Example 0.12 (The generalized inverse of an invertible matrix). For A = [O 1]

of Example 5 in Special Matrices and Decompositions, the only generalized inverse is
0.5 —0.5
—1 _
A= [O 1
Theorem 0.8 it is singular.

]. The matrix of Example 0.11, by contrast, has infinitely many, so by

Theorem 0.9 (A generalized inverse solves every solvable system). Let A be m X n,
let G be a generalized inverse of A (Definition 0.4), and let b € R™. If Az = b has a
solution, then Gb is a solution.

i Proof
Proof. Let x, be a solution, so Az, = b. Then

A (Gb) = AG (Az,) (substitute b = Ax)

= (AGA)z, (Theorem 5 in Matrices)
(Definition 0.4)
(

x, is a solution)

O

Example 0.13 (Solving with a generalized inverse). With A = [[1) 8} and its generalized

inverse G = [; (5)] (Example 0.11), the system Az = (2,0) has the solution (2,0), and

G (2,0) = (2,14) is a solution too: A(2,14) = (2,0). The system Az = (2,1) has

14
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no solution, since the second entry of Ar is always 0; there G (2,1) = (7,14) gives
A(7,14) = (7,0) # (2, 1).

Definition 0.5 (Moore-Penrose inverse). A Moore-Penrose inverse [7] of an m x n
matrix A is an n X m matrix G satisfying all four conditions

1. AGA = A;
2. GAG = G;

3. (AG)' = AG;
4. (GA)" = GA.

Example 0.14 (Checking the four conditions). For A = [ 0} , the matrix G = [1 0]

1
0 0 0 0
satisfies all four:

AG=GA
=A

and A2 = A, so conditions 1 and 2 read A = A, and conditions 3 and 4 hold because A
is symmetric.
11

0 0] of A (Example 0.11) is not a Moore-Penrose inverse:

The generalized inverse G" = [

1

ac =

], which is not symmetric, so condition 3 fails.

Theorem 0.10 (A Moore-Penrose inverse is a generalized inverse). If G is a Moore-
Penrose inverse of an m x n matriz A (Definition 0.5), then G is a generalized inverse
of A (Definition 0.4).

Proof

Proof. A generalized inverse of A is an n xm matrix G with AGA = A. A Moore-Penrose
inverse is an n X m matrix, and condition 1 of Definition 0.5 is AGA = A. [

Example 0.15 (The Moore-Penrose inverse of a rank-one matrix). The 3 x 2 matrix
A below has rank 1, because its second column is twice its first, so it has no ordinary
inverse. The function MASS: :ginv() computes its Moore-Penrose inverse G. The code
checks the four conditions of Definition 0.5, of which the first is the equation that makes
G a generalized inverse.

15



A <- cbind(c(1l, 2, 3), c(2, 4, 6))
G <- MASS::ginv(A)
conditions <- c(
"1: AGA = A" = isTRUE(all.equal(A %*% G %*% A, A)),
"2: GAG = G" = isTRUE(all.equal(G %*% A %*% G, G)),
"3: AG symmetric" = isTRUE(all.equal(A %*% G, t(A %*% G))),
"4: GA symmetric" = isTRUE(all.equal(G %% A, t(G %% A)))
)

conditions

#> 1: AGA = A 2: GAG = G 3: AG symmetric 4: GA symmetric
#> TRUE TRUE TRUE TRUE
round (G, 4)

#> [,1] [,2] [,3]

#> [1,] 0.0143 0.0286 0.0429
#> [2,] 0.0286 0.0571 0.0857

All 4 of 4 conditions hold, so G is a Moore-Penrose inverse of A. By Theorem 0.10 it is
also a generalized inverse, which is condition 1: AGA = A up to rounding error.

Theorem 0.11 (A matrix has at most one Moore-Penrose inverse). If G, and G, are
both Moore-Penrose inverses of an m x n matrix A (Definition 0.5), then G, = G,.

i Proof

Proof. AG; = AG,.

AG, = (AG))' condition 3 for G;)

(
=G, AT (Theorem 17 in Matrices)
=G, (AG,A)" (condition 1 for G,)
=G,"ATG," AT (Theorem 17 in Matrices, twice)
= (G,"AT)(G," AT) (Theorem 5 in Matrices)
= (AG))" (AG,)" (Theorem 17 in Matrices, twice)
= (AG)(AG,) (condition 3 for G; and G,)
=(AG;A) G, (Theorem 5 in Matrices)
= AG,. (condition 1 for G;)

16
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G,A=(G,A)' condition 4 for Gy)

(
=ATG,T (Theorem 17 in Matrices)
= (AG,A)' G, T (condition 1 for G,)
=ATG,"ATG," (Theorem 17 in Matrices, twice)
=(ATG,")(ATG,") (Theorem 5 in Matrices)
= (G,A)" (G,A)" (Theorem 17 in Matrices, twice)
= (G5yA)(G;A) (condition 4 for G, and G)
=G, (AG,A) (Theorem 5 in Matrices)
= G,A. (condition 1 for Gy)
Conclusion.
G, = GAG, (condition 2 for G;)

= G, (AG,) (Theorem 5 in Matrices)

=G, (AG,) (the first step)

= (G;A)G, (Theorem 5 in Matrices)

= (G5A) G, (the second step)

= G,AG, (Theorem 5 in Matrices)

(

= G,. condition 2 for G,)

O]

Example 0.16 (Only one of the many generalized inverses qualifies). The matrix A =

1 1 1
[ 0] has infinitely many generalized inverses [ 912] (Example 0.11), and [ 0} is
0 0 921 Y922 00

a Moore-Penrose inverse (Example 0.14). By Theorem 0.11 it is the only one, so every
other choice of gy9, go1, goo breaks condition 2, 3 or 4. For instance, go; = 1 (the rest 0)

gives GA = [1

0
1 ol which is not symmetric.

Theorem 0.12 (Every matrix has a Moore-Penrose inverse). Fvery m x n matriz A has
a Moore-Penrose inverse (Definition 0.5), written A™; it is unique by Theorem 0.11.

e IfA=0,,.,,then AT=0,,,,.
o Ifrank(A)=72>1 and A = CR is a rank factorization (Definition 11 in Column
Space, Null Space and Rank-Nullity), then

17


linear-algebra-matrices.html#thm-transpose-product
linear-algebra-matrices.html#thm-transpose-product
linear-algebra-matrices.html#thm-matmul-assoc
linear-algebra-matrices.html#thm-transpose-product
linear-algebra-matrices.html#thm-matmul-assoc
linear-algebra-matrices.html#thm-matmul-assoc
linear-algebra-matrices.html#thm-matmul-assoc
linear-algebra-matrices.html#thm-matmul-assoc
linear-algebra-rank-nullity.html#def-rank-factorization
linear-algebra-rank-nullity.html#def-rank-factorization

A* =RT(RR")"(CTC)1 CT .

nxr rXT rXr TXm

i Proof

Proof. The two cases cover every matrix. If A #0,,,,,, it has a nonzero column,
which is linearly independent on its own (cv = 0 with v # 0 forces ¢ = 0), so rank(A) > 1
(Definition 2 in Subspaces and Rank).

The zero matrix. With A =0,,,,, and G =0,,,,,, every product in conditions 1 to 4
is a zero matrix, and a zero matrix equals its own transpose, so all four conditions hold.
The two inverses exist. Now suppose rank(A) = r > 1. A rank factorization exists
(Theorem 15 in Column Space, Null Space and Rank-Nullity). C is m x r and R is r X n.
Both have rank r:

r =rank(CR) (A =CR)
< rank(C) (Theorem 8 in Column Space, Null Space and Rank-Nullity)
r, (Corollary 1 in Column Space, Null Space and Rank-Nullity, C has r columns)

IN

and, using (CR)' = RTC" (Theorem 17 in Matrices),

r =rank(RTC") (Theorem 9 in Column Space, Null Space and Rank-Nullity)
< rank(RT) (Theorem 8 in Column Space, Null Space and Rank-Nullity)
. (Corollary 1 in Column Space, Null Space and Rank-Nullity, R" has r columns)

IN

So C and R' have full column rank 7, and C'C and RR' = (RT) R are invertible
(Theorem 0.1). They are symmetric:

(c’c)' =cT(cT)’
=C'C

(Theorem 17 in Matrices, Definition 3 in Matrices), and likewise for RR". Write S &

(RR")™ and T o (CTC)™1, both symmetric (Corollary 1 in Special Matrices and
Decompositions), and G = LRTSTCT.

Two products.

AG =CRR'STC' substitute A and G)

(
= C(RR")STC'" (Theorem 5 in Matrices)
=CI.TC' (Definition 5 in Special Matrices and Decompositions)
=CTC', (Theorem 8 in Matrices)
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GA =R'STC' CR (substitute G and A)
=R'ST(C'C)R (Theorem 5 in Matrices)
=RTSI.R (Definition 5 in Special Matrices and Decompositions)
=RTSR. (Theorem 8 in Matrices)

Conditions 3 and 4.

(AG)" = (CTCT)T (first product)
= (C(TCT))'  (Theorem 5 in Matrices)
= (TCT)T C"  (Theorem 17 in Matrices)
= (CT)T T'CT (Theorem 17 in Matrices)
=CT'C' (Definition 3 in Matrices)
= CTC', (T is symmetric)

(GA)' = (RTSR)T (second product)
=(R' (SR))T (Theorem 5 in Matrices)
= (SR)' (RT)T (Theorem 17 in Matrices)

R'ST (RT)T (Theorem 17 in Matrices)

=R'STR (Definition 3 in Matrices)
=R'SR (S is symmetric)

Condition 1.

AGA = CTC' CR (first product)
=CT(C'C)R (Theorem 5 in Matrices)
=CI R (Definition 5 in Special Matrices and Decompositions)
=A. (Theorem 8 in Matrices)

Condition 2.

GAG =R'SRR'STC' (second product)
=RTS(RR"T)STC" (Theorem 5 in Matrices)
=R'I,STC' (Definition 5 in Special Matrices and Decompositions)
=G. (Theorem 8 in Matrices)
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Example 0.17 (The Moore-Penrose inverse of a rank-one matrix). For A in Example 1

3
[1 —2 —2] (Example 25 in Column Space, Null Space and Rank-Nullity) gives

in Column Space, Null Space and Rank-Nullity, the rank factorization C = [1], R =

C'C=1+9
=10
and
RR"=1+4+4
=09,
SO

1
AT = ﬁ {—2} 1 3]

—2
1 [12 36}
Ol 2 -
As a check on condition 1,
AAT =CTC'
13
10 (3 9)°

and its first row times A is $-(1- (1, -2, —2) + 3+ (3,—6,—6)) = (1, —2,—2), the first row
of A; the second row is 3 times the first, like the second row of A.

Theorem 0.13 (The Moore-Penrose inverse of a matrix of full column rank or full row
rank). Let A be an m X n matriz.

1. If A has full column rank (Definition 3 in Subspaces and Rank), then AT A is
invertible and A* = ((ATA)) " AT,
2. If rank(A) = m, then AAT is invertible and AT = AT ((AAT))A.

i Proof

Proof. By Theorem 0.11, it is enough to show that the matrix G named in each part
satisfies the four conditions of Definition 0.5.

20


linear-algebra-rank-nullity.html#exm-column-space
linear-algebra-rank-nullity.html#exm-column-space
linear-algebra-rank-nullity.html#exm-rank-factorization
linear-algebra-matrices.qmd#def-matrix
linear-algebra-subspaces.html#def-full-column-rank
linear-algebra-special-matrices.qmd#def-matrix-inverse
linear-algebra-matrices.qmd#def-matrix

Part 1. AT A is invertible by Theorem 0.1. Let G = ((ATA))f1 AT. Then

= ((ATA)) "ATA (definition of G)
L.

(Definition 5 in Special Matrices and Decompositions)

Condition 4: (GA)' =1," =1, = GA.
Condition 1: AGA = AI, = A.
Condition 2: GAG =1,G =G.

_inT —1
Condition 3: (AG)' = A(((ATA))) AT = A((ATA)") AT =
A ((ATA))f1 AT = AG, by Theorem 17 in Matrices, Theorem 2 in Special Matrices
and Decompositions, and because A" A is symmetric.

Part 2. rank(AAT) = rank(A) = m (Theorem 9 in Column Space, Null Space and
Rank-Nullity), and AAT is m x m, so it is invertible (Theorem 1 in Diagonalization and
Cholesky). Let G = AT ((AAT))"'. Then AG = AAT ((AAT)) ' =1, (Definition 5
in Special Matrices and Decompositions).

Condition 3: (AG)' =1,," =1, = AG.

Condition 1: AGA =1I_,A = A.

Condition 2: GAG =GI,,, = G.

Condition 4: (GA)" = AT (((AAT))‘l)T A=AT((AAT))'A =GA, by Theo-
rem 17 in Matrices, Theorem 2 in Special Matrices and Decompositions, and because
AAT is symmetric.

O]

Example 0.18 (Moore-Penrose inverses of a column and a row). The 2 x 1 matrix

A= E] has full column rank, and AT A = [2], SO

A= ]
=z 3]
11
Then ATA = [1], and AAT = E %] is symmetric.
2 2

The 1 x 2 matrix B = [1 1] has rank 1, which is its count of rows, and BB = [2], SO
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-]
:H

Definition 0.6 (Consistent linear system). A linear system (Definition 14 in Matrices)
Az = b, with A an m x n matrix and b € R™, is consistent [8] if it has at least one
solution z € R", and inconsistent otherwise.

—_
N|—=

D[ =00 | =

1
Example 0.19 (A consistent system and an inconsistent one). With A = [0 8},

A (zq,x9) = (2,,0) (Definition 13 in Matrices).

e Az = (2,0) is consistent: z = (2,0) is a solution.
e A (2,1) is inconsistent: the second entry of Az is always 0, never 1.

sz
I

Theorem 0.14 (When a linear system has a solution). Let A be m x n, let b € R™,
and let G be any generalized inverse of A (Definition 0.4). The following statements are
equivalent:

1. Az = b is consistent (Definition 0.6);
2. b € C(A) (Definition 1 in Column Space, Null Space and Rank-Nullity);
3. AGQ =b;
4. rank([A b)) =rank(A), where [A  b] is the m x (n+1) matriz whose last column
is b.
1 Proof

Proof. 1 and 2 are equivalent. Statement 1 says b = Ax for some x (Definition 0.6),
and C(A) is the set of vectors Az (Definition 1 in Column Space, Null Space and
Rank-Nullity), so b is in it exactly when b = Az for some z.

1 implies 3. By Theorem 0. 9, Gbis a solutlon so A (Gb) = b, which is statement 3
(Theorem 5 in Matrices).

3 implies 1. If AGb = b, then z = Gb is a solution, since A (Gb) = (AG) b (Theorem 5
in Matrices).

2 and 4 are equivalent. Every column of A is a column of [A Q], so C(A) C

c(la o).

« If b € C(A), every combination of the columns of [A Q] is a combination of

~
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the columns of A (Definition 1 in Column Space, Null Space and Rank-Nullity),
so the two column spaces (Definition 1 in Column Space, Null Space and Rank-
Nullity) coincide and their ranks agree (Theorem 6 in Column Space, Null Space
and Rank-Nullity).

o If the ranks agree, the two column spaces have the same dimension (Theorem 6
in Column Space, Null Space and Rank-Nullity), so they coincide (Theorem 11 in
Subspaces and Rank), and b € e(lA Q]) =C(A).

O]

10

Example 0.20 (Testing consistency with a generalized inverse). For A = [O 0

} and

the generalized inverse G = [1 5], AG = [1 5}.

7 0 0 0
. QZ(Q,O)I
AG)H = (2,0)
=b,

so the system is consistent.
e b=(2,1): AGb = (7,0) # b, so it is not, as Example 0.13 found directly.

1 0 2

Item 4 agrees. A has rank 1. For b = (2,0), [A b] = [0 00

] also has rank 1.

FOI“Q:(2a1>’ [A Q] = |:0 0 1

L0 2] has rank 2, because (1,0) and (2,1) are linearly

independent.

Theorem 0.15 (All solutions of a linear system). Let A be m x n with a generalized
inverse G (Definition 0.4).

1. N(A)=C(L, — GA): z solves Az = 0,, exactly when x = (I, — GA) q for some
q € R™. -
2. If Az = b is consistent (Definition 0.6), then  is a solution exactly when

r=Gb+ (I, —GA)q for someq€R":

one particular solution plus a vector of N(A).
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1 Proof
Proof. Part 1. First,

A(I,—GA)=AI,— A(GA) (Theorem 0.7)

(
= AL, — AGA (Theorem 5 in Matrices)
=A—-AGA (Theorem 8 in Matrices)
=A—-A (Definition 0.4)
=0, (arithmetic)
so A(I,—GA)q=0,, for every q (Theorem 5 in Matrices), and €(I,, — GA) C N (A).
Conversely, if A{g = 9 then
(I, —GA)r =1,r—(GA)z (Theorem 0.7, with z as the last factor)
=rz—(GA)z (Theorem 8 in Matrices)
=z—G(Azx) (Theorem 5 in Matrices)
=2-G0,,  (Az= 9 )
=z, (G0, =0,)

so x is in C(I, — GA), with ¢ = z.
Part 2. Gb is a solution (T Reorem 0. 9). For any z,

A (z—Gb) = Az — A(Gb) (Theorem 4 in Subspaces and Rank, with coefficients 1 and — 1)
=Ar—AGb  (Theorem 5 in Matrices)
=Azr—b, (Theorem 0.14, statement 3)

so z solves Az = b exactly when z — Gb € N(A), that is, by part 1, exactly when
x—Gb—(I —GA)qforsomeq O

Example 0.21 (All solutions of a consistent system). For A = [(1) 8], G = [i (5)] nd

b=1(2,0): Gb=(214), GA = [; 8], and I, — GA = {_07 ﬂ’ 0

r=(2,14) 4+ (0,—7¢; + q3), 41,9 € R.

Since —7¢; + g, can be any number, the solutions are exactly the vectors (2,¢), t € R,
which is what

A (z2q,25) = (21,0)
= (270)
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says directly.

Corollary 0.1 (Solvable for every right-hand side, and solvable uniquely). Let A be
m X n.

1. Az = b is consistent for every b € R™ ezactly when rank(A) = m.
2. A consistent system Ax = b has exactly one solution evactly when rank(A) = n.

i Proof

Proof. Part 1. By Theorem 0.14, the system is consistent for every b exactly when
C(A) = R™. C(A) is a subspace of R" (Theorem 1 in Column Space, Null Space and
Rank-Nullity) with dimension rank(A) (Theorem 6 in Column Space, Null Space and
Rank-Nullity), and dim(R™) = m (Example 16 in Subspaces and Rank). If the dimension
is m, then €(A) = R™ (Theorem 11 in Subspaces and Rank); if C(A) = R™, the dimension
is m.

Part 2. By Theorem 0.15, the solutions are a particular solution plus the vectors of NV (A),
so there is exactly one solution exactly when N (A) = {0,,}, that is, when nullity(A) =0
(a subspace of dimension 0 has the empty list as a basis, whose span is {0}, by Definition 9
in Subspaces and Rank and Definition 5 in Subspaces and Rank; and {NO} has dimension
0, by Example 16 in Subspaces and Rank). By Theorem 7 in Column Swpace, Null Space
and Rank-Nullity, that is when rank(A) = n. O

Example 0.22 (Three systems).

e The 2 x 3 matrix [(1) (1) ﬂ of Example 15 in Column Space, Null Space and
Rank-Nullity has rank 2 = m, so every system with it is consistent, but 2 < 3 = n,

so the solutions are never unique.

11
e The 3 x2 matrix X = |1 2} of Example 0.1 has rank 2 = n, so a consistent system
1 3

has one solution, but 2 < 3 = m, so some systems are inconsistent: (1,0,0) ¢ C(X),
because a (1,1,1) + b(1,2,3) has equal differences between consecutive entries, and
(1,0,0) does not.

e An invertible p X p matrix A has rank p: if Az =0 then

x

A’lAg
0,
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so its nullity is 0 and its rank is p (Theorem 7 in Column Space, Null Space and
Rank-Nullity). So every system with it is consistent (part 1, with p = m) and has
exactly one solution (part 2, with p = n), namely A~"b, since A (A7'b) = b.

Theorem 0.16 (The projection onto a column space, with any generalized inverse).
Let X be an n x p matriz of any rank, and let G be any generalized inverse of XX
(Definition 0.4). Then for every y € R™, XGX "y is the orthogonal projection of y onto
C(X) (Definition 0.3). So the matrit XGX' is the same for every choice of G, and
when rank(X) = p it is the hat matriz H (Definition 0.2).

i Proof

Proof. X'y is in €(X'X). €(X'X) C €(X"), since (X'X) z = X" (Xz) (Theorem 5 in
Matrices). Both are subspaces of R? (Theorem 1 in Column Space Null Space and Rank-
Nullity) with the same dimension: rank(X"X) = rank(X") (Theorem 9 in Column Space,
Null Space and Rank-Nullity, Theorem 6 in Column Space, Null Space and Rank-Nullity).
So (X"X) = ¢(XT") (Theorem 11 in Subspaces and Rank), and since X'y € €(X ")
(Definition 1 in Column Space, Null Space and Rank-Nullity), X"y = X"X% for some
z € RP. - -

The split. Let

u = XGX 'y
=X (GX"y)

(Theorem 5 in Matrices), which is in €(X) (Definition 1 in Column Space, Null Space
and Rank-Nullity). For y —u,

XT(y—uw=XTy—XTu
=Xy X' (XGXy)
=XTy—(X'X)G(XTy)

Theorem 4 in Subspaces and Rank, with coefficients 1 and — 1
substitute u)

Theorem 5 in Matrices)

(
(
(
=XTy— (X'X)G (X'X) z  (first step)
= XT?; — ((XTX)G(X'X))z (Theorem 5 in Matrices)
—XTy—(X'X)z (Definition 0.4)
= XTQ — X'y (first step)
=0, i (arithmetic)

soy—ue N(X")=C€(X)" (Theorem 7 in Direct Sums and Orthogonal Complements).
By the uniqueness in Theorem 8 in Direct Sums and Orthogonal Complements, u is the
orthogonal projection of y onto C(X).
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Same matrix. Every choice of G gives a matrix that projects every y onto €(X), so all
choices give the same matrix (Theorem 0.5, part 2). When rank(X) ="p, (X"X)™! is one
choice (Theorem 0.1, Theorem 0.8), and it gives H. O

11
], an intercept

Example 0.23 (A design matrix with a repeated column). Let X = [1 1

column entered twice, so rank(X) =1 < 2 and X'X = [2 2] is not invertible: its rank

2 2

is rank(X) = 1 < 2 (Theorem 9 in Column Space, Null Space and Rank-Nullity), while
1

an invertible 2 x 2 matrix has rank 2 (Example 0.22). The matrix G = [8 8] is a

generalized inverse of it:

(X'™X)G (XTX) = [1 0] [2 2] (Definition 7 in Matrices, for the first product)

1 0|12 2
2 2 .. . .
= [2 2] . (Definition 7 in Matrices)
Then
T 3 011 1 . . .
XGX' =7 ol 11 1 (Definition 7 in Matrices, for XG)
2
11
= [% %} , (Definition 7 in Matrices)
2 2

the hat matrix of the intercept-only model (Example 0.2). Another generalized inverse,

G = [8 (1)], which is one because (X'X)G’ = [8

1
1] and that times XX is again
2

1 11
B ;]’ gives XG' = 8 ?| and the same XG'X" = | %} , as Theorem 0.16 says it
2 2 2
must. Both project onto €(X) = span{(1,1)}, the column space of the intercept-only
design.
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Solving linear systems and least squares

(]
1 Source

This section is adapted from Zhou [5] and Zhou [9], used under the MIT License (see
the license text in Section 2 in Subspaces and Rank). The first source states that every
invertible matrix has an LU factorization; that is false without reordering rows (the 2 x 2

1
10
exists, solves a system. The least squares results are proved here from the closest-point
theorem (Theorem 0.3) rather than by differentiating, and the QR factorization is derived
from Gram-Schmidt (Theorem 10 in Inner Products and Orthogonality). These parts of
the source are not part of this section:

0 . . S
TOW swap [ ] has none), so this section states only how an LU factorization, when one

e the operation counts for the triangular solves, LU and QR

e solving a system by inverting a matrix through its QR factorization, and the
comparison of that with solving it directly

e the pivoted factorization PA = LU, which Example 0.32 only touches

Definition 0.7 (Upper triangular matrix). A square matrix U is upper triangular [10]

if every entry below the diagonal is 0: u,;; = 0 whenever i > j.

Definition 0.8 (Lower triangular matrix). A square matrix L is lower triangular if
every entry above the diagonal is 0: £;; = 0 whenever ¢ < j.

Definition 0.9 (Unit lower triangular matrix). A lower triangular matrix (Definition 0.8)
whose diagonal entries are all 1 is unit lower triangular.

Example 0.24 (Triangular and not).

2 1 —1
e |0 % % is upper triangular: its entries below the diagonal, in positions (2, 1),
0 0 —1
(3,1) and (3,2), are 0.
o
* 4 (1) is unit lower triangular.

« A diagonal matrix (Definition 4 in Special Matrices and Decompositions) is both

upper and lower triangular.
0 1]
. (1) 0 is neither: its (2, 1) entry is not 0, and neither is its (1,2) entry.
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Theorem 0.17 (Solving a triangular system by substitution). Let U be an n X n upper

triangular matriz (Definition 0.7) whose diagonal entries wuqyq, ... , U, are all nonzero. For
every b € R", the system Uz = b has ezactly one solution, given fori=n,n—1,...,1 in
turn by

1 n

vp=_—|bi— Z Wij ¥

Uii j=itl
(back substitution). Likewise, if L is lower triangular with nonzero diagonal, Ly = b
has exactly one solution, given for i =1,....,n by y; = <b — ZZ 161] ) (forward
substitution).
1 Proof

Proof. Row i of Uz = b reads

b, = Z Ujj T (Definition 13 in Matrices)
Jj=t

n
=u; x; + Z u;;x;. (split off the j =i term)
j=itl

This equation is equivalent to each of

n
gz T, =b; — Z Ui T (subtract the sum from both sides)
j=it1
(b — Z Ui T ) (divide by u,;; # 0)
Jj=i+1
Row n involves only z,,, so it fixes z,,; once x,, ..., x,, are fixed, row 7 fixes z;. So the

rows, taken from the last to the first, hold exactly when T is the vector the formula builds:
there is one solution, and only one. For L, row i reads Z L, y; + 4 y; = b;, and the

=174j
same argument runs from the first row to the last. O
2 1 —1 8
Example 0.25 (Back substitution on a 3 x 3 system). Solve |0 5 % |z = |1
0 0 —1 1

29


linear-algebra-matrices.html#def-matvec-mult

8
o
I

Il
S

SR NN ORI

So z = (2,3, —1). Without a nonzero diagonal the method fails: [1 1

0 0} r = (1,1) has no

solution, since its second row reads 0 = 1.

Theorem 0.18 (QR factorization). Let A be an m x n matriz with rank(A) =n. Then

A=Q R,

MXNn  ywn XN
where the columns of Q are orthonormal (Definition 23 in Vectors) and R is upper
triangular (Definition 0.7) with positive diagonal entries.

i Proof

Proof. The n columns aq, ..., a, of A are linearly independent (Definition 3 in Subspaces
and Rank), so the Gram-Schmidt process (Definition 11 in Inner Products and Orthogo-
nality) runs all n steps and gives orthonormal qyr-54, (Theorem 10 in Inner Products
and Orthogonality, parts 1 and 3); let Q have these columns. At step i, q; +* 0, and
rearranging the orthogonalize step, -
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s
|
—

a; = g; 4 (g] - a;) 4 (add the sum to both sides of the orthogonalize step)
J

2

Il
—

i-1
= ||g;HgZ + Z(g] “a;) q4; (normalize step: g; = Hgi”gl)
=1

Let R be the n X n matrix with r;, = q; for j < i, r; = Hq;” >0, and rj; = 0 for j > 3;
it is upper triangular with positive diagonal. Column i of QR is Q times column i of R
(Definition 7 in Matrices), and

n
Q (1453 i) = Z Tji 4 (Theorem 3 in Subspaces and Rank)

=t 7

i
=1 7

i—1
=T q; t Z Tji 4; (split off the j =i term)
S e

i—1
= ||22||21 + Z(g] - a;) 4; (the entries of R)
j=1

= a;. (the display)
So QR = A. O

Example 0.26 (A QR factorization from Gram-Schmidt). For A with columns a; =
(1,1,0), ay = (1,0,1), a3 = (0,1,1), Example 22 in Inner Products and Orthogonality
and Example 24 in Inner Products and Orthogonality found ¢, = L (1,1,0), q, =

L (112), g, = & (11,1, with )] = 2. a3l = VA7, | = 213
4y % = 4,4
and 4y 03 = %. So

Ju—

V2o
R=|0 372
0

Pl

S-S

As a check on the second column,
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T4y +V3/24,=5(1,1,0)+ 5 (1,-1,2)
= (1,0,1)

42-

Definition 0.10 (Least squares solution). Let A be m xn and b € R™. A least squares
solution [11] of Az = b is a vector T € R" such that

Ib — AZ| <|b— Az| for every x € R™.

Example 0.27 (Fitting a constant). Let A = [1] and b = (1,3). The system z (1,1) =

1
(1,3) is inconsistent (Definition 0.6): its first entry needs x = 1 and its second needs
z = 3. For any number z,

Ib— Axl? = (1—2)2 + (3 — )
=2(z—2)2+2,

which is smallest at x = 2, so Z = 2 is the least squares solution. The value = 1 is not
one: it gives 0 +4 = 4 > 2. The normal equations read 2z = 4, and their solution is
x = 2 too.

Definition 0.11 (Normal equations). For A and b as in Definition 0.10, the equations
ATAz = A') are the normal equations [12].

Theorem 0.19 (Least squares solutions solve the normal equations). Let A be m x n
and b € R™.

1. :z: is a least squares solution (Definition 0.10) exactly when it solves the normal
equations ATAQ = ATQ.

2. The normal equations are consistent (Definition 0.6).

3. Bvery least squares solution gives the same fitted vector AZ: the orthogonal projection
of b onto C(A) (Definition 0.3).

4. The least squares solution is unique exactly when rank(A) = n, and then @ =
(ATA)"TATD

~
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1 Proof

Proof. Let u be the orthogonal projection of b onto C(A). The vectors Az, as x ranges
over R™, are exactly the points of C(A) (Deﬁnltlon 1 in Column Space, Null Space and
Rank-Nullity). Least squares solutions are the solutions of Az = u. If AZ = u,
then for every z, Az € C(A), so |[b — AZ| = |b —u| < ||b — Az| (Theorem 0.3), and
is a least squarz}s solution. Conve;sely, let T be a least quuareg solution. u € C(A), S0
u = Az for some z, (Definition 1 in Column Space, Null Space and Rank-Nullity), and

Ib — AZ| <[b — Axy| (Definition 0.10)
=[b—ul  (u=Axz)
<|b—Az|, (Theorem 0.3, with w= AZ € C(A))

so the last inequality is an equality, and the equality case of Theorem 0.3 gives AZ = u.
Parts 1 and 3. AZ = u holds exactly when b — AL € C(A)": if AZ = u, then
Q— u € C(A)* (Definition 0.3); conversely, if b—Az e C(A)*, then b= Aat + (b —AZ)
is a split into €(A) and C(A)", so AZ = u by the uniqueness in Theorem 8 in Direct
Sums and Orthogonal Complements. And @ (A)t = N(AT) (Theorem 7 in Direct Sums
and Orthogonal Complements), where

AT (b—AZ)=A"b— A" (AZ) (Theorem 0.7)
=ATb—ATAZ, (Theorem 5 in Matrices)

which is 0,, exactly when the normal equations hold.

Part 2. The vector z, above satisfies Az, = u, so it is a least squares solution, and it
solves the normal equations by part 1.

Part 4. The least squares solutions are exactly the solutions of Ax = u, a consistent

system, so there is exactly one when rank(A) = n and more than one otherwise (Corol-
def

lary 0.1). When rank(A) = n, AT A is invertible (Theorem 0.1), and with M = ATA,
r=1,2 (Theorem 8 in Matrices)
= (M~ 11\/1)@ (Definition 5 in Special Matrices and Decompositions)
=M (MZz) (Theorem 5 in Matrices)
=M"'ATb. (the normal equations)
O

Example 0.28 (A least squares line). Fit y = x; + x4t to the points (f,y) =

11
(1,1),(2,2),(3,2): A= |1 2] (the X of Example 0.1) and b = (1,2,2). A has rank 2
13
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(Example 2 in Subspaces and Rank), so the solution is unique (part 4). ATA = [2 164]

has inverse 1 [i% _6] (Example 0.1), and

6 3
ATb=(1+2+2 1+4+6)
= (5,11),

SO

(14-5—6-11, —=6-5+3-11)

L&)
Il

RO

I
—~
wiN

1
2
The fitted values are Az = 5,1%), and the residuals b— Az = (—¢>3,—¢) are

6
orthogonal to both columns of A: —% + é — % =0and —% + % — gz 0.

—~
[eEN]

Example 0.29 (Many least squares solutions, one fitted vector). With the rank-1 matrix

3 6

6 12] and

1 2
A= {1 2] (Example 2 in Subspaces and Rank) and b = (1,2,2), ATA = [
1 2

ATQ = (5,10), so both normal equations say 3z, + 6z, = 5, that is, z; + 2z, = % There
are infinitely many least squares solutions, such as (g, 0) and (0, %), as part 4 predicts for
rank(A) = 1 < 2; but every one gives the same fitted vector
AL = (z; +225) (1,1,1)
=3(1,1,1),

as part 3 says.

Theorem 0.20 (Solving least squares by QR). Let A be m x n with rank(A) = n, with
QR factorization A = QR (Theorem 0.18), and let b € R™. The least squares solution
(Definition 0.10) is the unique solution of

R i=QT b,
nxn n;,_,r/n

which back substitution computes (Theorem 0.17). When m = n, it is the unique solution

of Az =b.
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1 Proof

Proof. R is upper triangular with posmve diagonal, so Rz = QTb has exactly one

solution & (Theorem 0.17). Q'Q =1, as in the proof of Theorem 0.4. Then
ATAZ = (QR)' (QR )Z  (substitute A = QR)

=R'Q'(QR)Z (Theorem 17 in Matrices)
=R"(Q'Q)(R2) (Theorem 5 in Matrices)
=R'I, (RZ) Q'Q=1I,)
=R' (R2) (Theorem 8 in Matrices)
=RT(Q'}) (Rz=Q'Y)

RTQ")b (Theorem 5 in Matrices)
=(QR)’ b (Theorem 17 in Matrices)

— AT), (A=QR)

so T solves the normal equations and is the least squares solution (Theorem 0.19), which
is unique because rank(A) =n. When m = n,

rank(A) =n
= m’

so Az = b is consistent for every b (Corollary 0.1, part 1), so its solution leaves residual
0, is a least squares solution, and is therefore :E ]

Example 0.30 (The least squares line by QR). For A and b of Example 0.28, Gram-

Schmidt gives ¢, = % (1,1,1); then
gl ’ (17273) = %
= 2V/3,
q’2 =(1,2,3)—2(1,1,1)
= <_17O7 1)
with norm v/2, and q, = % (—1,0,1). So
L V3 23
=10 V2l
Ty _ (14242 —14042
Qb= (7% 57)
- (5
37 V2

Back substitution gives
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the solution found in Example 0.28.

Definition 0.12 (LU factorization). An LU factorization [13] of an n x n matrix A is
a product A = LU with L unit lower triangular (Definition 0.9) and U upper triangular
(Definition 0.7).

2 1 -1
Example 0.31 (An LU factorization of a 3 x 3 matrix). Let A = |-3 —1 2 },
-2 1 2
1 00 21 -1
L= —% 1 0} (unit lower triangular) and U = |0 % % ] (upper triangular). By
-1 4 1 0 0 —1

Definition 7 in Matrices, entry (4, j) of LU is >, £;; uy,;, sorow i of LU is 3, £y, times row
kof U Row lis1-(2,1,—1) = (2,1,—1); row 2 is —3 (2,1, 1) + (0, 3, 5) = (=3, —1,2),
and row 3 is —(2,1,—1) +4(0, %, %) +(0,0,—1) = (—2,1,2). These are the rows of A, so
LU = A is an LU factorization. The below-diagonal entries of L are the negatives of the
multiples of earlier rows that Gaussian elimination adds to reduce A to U.

1
10
P2 =1,, so P~! = P (Definition 5 in Special Matrices and Decompositions); but it has
no LU factorization. If P = LU, the (1,1) entry gives 0 =1 - uy, so uy; = 0, and then
the (2,1) entry gives

Example 0.32 (An invertible matrix with no LU factorization). P = [O } is invertible:

="ty upy
p— 0’

which is impossible. Swapping the two rows first removes the obstacle: the swapped
matrix is I, =1, I,.
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Theorem 0.21 (Solving a system with an LU factorization). If A = LU is an LU
factorization (Definition 0.12) and the diagonal entries of U are all nonzero, then for
every b € R™ the system Az = b has exactly one solution: solve Ly = b by forward
substztutzon then Uz = y by back substitution (Theorem 0.17). -

1 Proof

Proof. L has diagonal entries 1 and U has nonzero ones, so each of the two triangular
systems has exactly one solution (Theorem 0.17). If y and x are those solutions, then
Az =L (Ux)
=b
(Theorem 5 in Matrices), so x is a solution. Conversely, if Az = b, then y dof Uz satisfies
Ly = L (Ux)
= (LU)z
=5
(Theorem 5 in Matrices), so y is the unique solution of that system, and = is then the
unique solution of Uz = y. - O

Example 0.33 (Two triangular solves). With L and U of Example 0.31, solve Az =
(8,—11,—3). Forward substitution on Ly = (8, —11, —3) gives y; = 8,

yo=—11+3-38
:1’

Yy =—3+8—4-1
=1.

Back substitution on Uz = (8,1,1) is Example 0.25, which gives z = (2,3,-1). As a
check,

A(2,3,—-1)=4+3+1, 6-3—-2 —4+3—2)
= (8,—11,-3).

Available: https://en.wikipedia.org/wiki/Design_matrix
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