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Similarity and diagonalization

[
1 Source

This section is adapted from Zhou [1], used under the MIT License (see the license text
in Section 2 in Subspaces and Rank). These notes take eigenvalues to be real numbers
(Definition 16 in Special Matrices and Decompositions), so the source’s complex eigenvalues
are left out, and eigenvalues are characterized through null spaces rather than through
the characteristic polynomial. Only the source’s material on similarity, diagonalization
and the basic eigenvalue properties is adapted; its characteristic polynomial and algebraic
multiplicity, its trace and determinant identities, and the part of its section on symmetric
matrices that builds bases of the column space and null space from eigenvectors are left out.
The rest of that section is covered by Theorem 12 in Special Matrices and Decompositions
and Theorem 13 in Special Matrices and Decompositions. Its result that eigenvalues of
orthogonal matrices have modulus 1 appears here in the real form 4+1. Three other parts
of the source are not part of this section:

o its statement that the eigenvalues of a lower triangular matrix are also its diagonal
entries (Theorem 0.4 states the upper triangular case)

e its three further examples of matrices with geometric multiplicity smaller than
algebraic multiplicity (Example 0.2 gives one nilpotent example)

e its code cells The source’s two-vector argument that eigenvectors for distinct eigen-
values are independent is extended here to any number of eigenvectors.

Theorem 0.1 (A square matrix is invertible exactly when it has full column rank). An
n x n matriz A is invertible (Definition 6 in Special Matrices and Decompositions) exactly
when rank(A) = n (full column rank, Definition 3 in Subspaces and Rank), that is, exactly
when N(A) ={0,}.
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i Proof

Proof. Invertible implies rank n. If Az =0,,, then

r=1,x (Theorem 8 in Matrices)
= (A7'A)z (Definition 5 in Special Matrices and Decompositions)
= A ' (Az) (Theorem 5 in Matrices)
=AT'0, (Az=0,)
=0,, (Definition 13 in Matrices)

so N(A) ={0,}, the nullity is 0, and rank(A) = n (Theorem 7 in Column Space, Null
Space and Rank-Nullity).

Rank n implies invertible. Every system Ay = b has exactly one solution (Corollary 1
in Projections and Linear Systems, both parts, with m = n). Let oy solve Ay =€
(Definition 18 in Vectors), and let B have columns Ypoeo Y Column j of ABis Ay =e€;

(1), so AB =1,,. For the other order,

A(BA-1,)=ABA —AI, (Theorem 7 in Projections and Linear Systems, Theorem 5 in Matrices)
=I,A—-AI, (AB=1))
=A-A (Theorem 8 in Matrices)
=0, (arithmetic)

so every column of BA — I, is in N(A) = {0,,} (1), and BA =1I,. So B satisfies
Definition 6 in Special Matrices and Decompositigns. The two conditions in the statement
are equivalent by Theorem 7 in Column Space, Null Space and Rank-Nullity: the nullity
is 0 exactly when NV (A) = {0, }, because a subspace of dimension 0 has the empty list as
a basis, whose span is {0} (Definition 9 in Subspaces and Rank, Definition 5 in Subspaces
and Rank), and {0} has dimension 0 (Example 16 in Subspaces and Rank). O

Example 0.1 (Rank decides invertibility).

g 1 of Example 5 in Special Matrices and Decompositions has rank 2: ¢;(2,0) +
co(1,1) = (2¢; + ¢9,¢9) is 0 only if ¢, = 0 and then ¢; = 0. So it is invertible, as
that example found by exhibiting the inverse.

. 1 1 has rank less than 2: (1,—1) is a nonzero vector in its null space. So it is

singular, as Example 5 in Special Matrices and Decompositions found.
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Definition 0.1 (Eigenspace). Let A\ be an eigenvalue of a p x p matrix A (Definition 16
in Special Matrices and Decompositions). The eigenspace [2] of A is &, v (A—=AL)).

It is a subspace of RP (Theorem 2 in Column Space, Null Space and Rank-Nullity).

Definition 0.2 (Geometric multiplicity). The dimension (Definition 9 in Subspaces
and Rank) of the eigenspace &£, (Definition 0.1) of an eigenvalue A is the geometric
multiplicity of .

Example 0.2 (Eigenspaces of two matrices).

e For A = E ;] of Example 24 in Special Matrices and Decompositions, A —
3L, = _11 _11 sends v to (v —vq) (1,—1), so &3 = span{(1,1)}, with geometric

multiplicity 1.

01
. ForJ—[O O],Jg—(v2,0).

J(1,0) = (0,0)
=0(1,0),

so 0 is an eigenvalue. If Jv = Av with A # 0, the second entry gives Avy, = 0, so
vy = 0, and then the first gives Av; =0, so v = 0. So 0 is the only eigenvalue, and

&y = N(J)
={(t,0): t € R},

with geometric multiplicity 1.

2 1
Example 0.3 (A number that is not an eigenvalue has no eigenspace). For A = [ 1 2]

and A = 2, A —2I, = [(1) (1)] sends v to (vy,v;), which is 0 only for v = 0, so

N(A —21I,) = {0}. And 2 is not an eigenvalue (Definition 16 in Special Matrices and
Decompositions): Av = 2v reads (201 + vq, vy + 2v5) = (2vy,2vy), 80 vy = 0 and v; = 0.
So Definition 0.1 does not apply to 2.
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Theorem 0.2 (Eigenvalues are where A — Al is singular). Let A be a p X p matriz and
A a real number. Then X is an eigenvalue of A (Definition 16 in Special Matrices and
Decompositions) exactly when A — AL, is singular (Definition 6 in Special Matrices and
Decompositions). In particular, A is singular exactly when 0 is one of its eigenvalues; and
each eigenspace &y (Definition 0.1) is a subspace of RP consisting of 0 and the eigenvectors
for A.

i Proof

Proof. For any v € RP,

(A—=AL)v=Av—(AI,)v (Theorem 7 in Projections and Linear Systems, the difference law)
= Av—A(I,v) (Theorem 7 in Projections and Linear Systems, the scalar factor)

= Av — Ao, (Theorem 8 in Matrices)

so Av = \v exactly when v € N (A — AL,); the nonzero such v are the eigenvectors for
A. So A is an eigenvalue exactly when that null space contains a nonzero vector, which
by Theorem 0.1 is exactly when A — AT, is singular. With A =0, A —0I, = A. An
eigenspace is a null space, so it is a subspace (Theorem 2 in Column Space, Null Space
and Rank-Nullity). O

Example 0.4 (Eigenvalues and singular matrices). For A = ﬁ ﬂ ,A=31, = [_11 _11]

is singular (its columns are negatives of each other, so its rank is 1), matching the eigenvalue
3 of Example 24 in Special Matrices and Decompositions. A itself has rank 2, since
c1(2,1) +¢5(1,2) = (2¢) + c9,¢1 + 2¢5) is 0 only if

=0
(subtract twice the second entry from the first: —3c, = 0, and then the second entry gives
¢, = 0); so it is invertible (Theorem 0.1), and 0 is not an eigenvalue. The singular matrix

E ﬂ has eigenvalue 0, with eigenvector (1, —1).

Theorem 0.3 (Eigenvalues of shifts and powers). Let v be an eigenvector of a p X p
matriz A for the eigenvalue X (Definition 16 in Special Matrices and Decompositions).
Then

1. v is an eigenvector of A + s1,, for A+ s, for every number s;
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2. v is an eigenvector of A* (Definition 2 in Special Matrices and Decompositions) for
NF, for every positive integer k.
i Proof
Proof. Part 1.

(AtsL)y=Av+(sI,)y
= Av+s(L,v)

Theorem 6 in Matrices)

Theorem 7 in Projections and Linear Systems)

:)\g—ksg
=(A+s)v.

(
(

= Av+s(L,v) (eigenvector)
(Theorem 8 in Matrices)
(

add entrywise)

Part 2, by induction on k. For k = 1 it is the assumption. If A*¥1y = )\kflg, then

[4]

Akg =A (Akflg) (Definition 2 in Special Matrices and Decompositions, Theorem 5 in Matrices)
= A (M) (induction hypothesis)
=A"1(Av) (Theorem 7 in Projections and Linear Systems)
=M1 (Xv)  (eigenvector)
= M. (multiply the numbers)
In both parts v + 0, so v is an eigenvector. ]

Example 0.5 (Shifting and squaring). For A = [2 1} with eigenvector (1,1) for 3

1 2
(Example 24 in Special Matrices and Decompositions):

.4A<—212::[$ é]sends(Ll)to(l,D::(3——2)(L1%

Az_[2-2+1-1 2:141.2
T {12421 1-142-2

-1

(1) sends (1,1) to (9,9) = 32(1,1).
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Theorem 0.4 (The eigenvalues of an upper triangular matrix are its diagonal entries).
The eigenvalues (Definition 16 in Special Matrices and Decompositions) of an upper
triangular p X p matriz U (Definition 7 in Projections and Linear Systems) are exactly

its diagonal entries Uiy, ..., u

pp-

i Proof

Proof. U—AL, is upper triangular, with diagonal entries u,;; — A (Definition 12 in Matrices,
Definition 5 in Matrices).

If A is not a diagonal entry, every u;; — A # 0, so (U~ AI,)v = 0 has exactly
one solution, v = 0 (Theorem 17 in Projections and Linear Systems), and A is not an
eigenvalue (Theorem 0.2).

If ) is a diagonal entry, let k£ be the smallest index with u,;,, = A, and write M = U—AL,
so myy, = 0 and m,; # 0 for i < k. Look for v with v, =1 and v; =0 for j > k. Entry i
of Mo is

p P
Y mivy =Y myv;  (mg; =0 for j < i)

=1

j=i
k

j=i

where the last sum is empty, and so 0, when ¢ > k. So:

o for i > k entry i is 0;
o fori=%Fkitis My Vg :0,
o for i < k it is 0 exactly when v;

and these equations fix

1 k
Moy Zj:m Mj Vs
Vg_1,---, 07 in turn, as in Theorem 17 in Projections and Linear Systems.

So Mv = 0 with v, =1, hence v # 0, and A is an eigenvalue.

2 1 —1
Example 0.6 (Eigenvalues read off the diagonal). U = |0 % % of Example 24 in
0 0 —1
Projections and Linear Systems has eigenvalues 2, % and —1. For \ = % (so k = 2), take
vy =1, v3 = 0; row 1 of (U—%I?))g is3v, +1=0,s0v; = —%. Check:
U(-2,1,0)=(—3+1,1,0)
=1(—2,1,0)

The matrix J of Example 0.2 is upper triangular with both diagonal entries 0, and 0 is its

only eigenvalue.
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Theorem 0.5 (Eigenvalues of idempotent and orthogonal matrices).

1. Every eigenvalue of an idempotent matriz (Definition 7 in Special Matrices and
Decompositions) is 0 or 1.

2. FEvery eigenvalue of an orthogonal matriz (Definition 10 in Special Matrices and
Decompositions) is 1 or —1.

i Proof

Proof. Let v # 0 with Av = Av.
Part 1. If A2 = A, then

Av=Av (eigenvector)
= A”v  (idempotent)
= A?v, (Theorem 0.3, part 2)

and subtracting Av from both sides gives (A2 —)) v = 0. Some entry of v is nonzero, so

A —A=A(A—1)
:0’

and a product of two numbers is 0 only when one of them is: A =0or A = 1.
Part 2. If A is orthogonal, then

lv| = [Av|  (Theorem 6 in Special Matrices and Decompositions)
= | Ay (eigenvector)
= |[Alllv], (Theorem 1 in Inner Products and Orthogonality, part 2)
and [v]| > 0 (Theorem 1 in Inner Products and Orthogonality, part 1), so dividing by

lv]| gives [A] = 1; since A is real (Definition 16 in Special Matrices and Decompositions),
A=1lor A\=-1. O

Example 0.7 (Projections and reflections).
0.5 0.5
0.5 0.5
sends (1,1) to (1,1) and (1,—1) to (0,0): eigenvalues 1 and 0.

e The idempotent matrix of Example 3 in Projections and Linear Systems

e The matrix (1) (1) , which swaps the two entries, is orthogonal: its columns (0, 1)
and (1,0) are orthonormal (Remark 6 in Special Matrices and Decompositions). It
sends (1,1) to (1,1) and (1,—1) to (—1,1): eigenvalues 1 and —1.
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e The rotation Q of Example 13 in Special Matrices and Decompositions has no real
eigenvalue. By part 2 the only candidates are +£1. Qv = v reads —0.4v; —0.8v, =0
and 0.8v; —0.4v, =0, so vy = —2v, and

= 742}27

forcing v = 0; Qu = —v reads 1.6 v; —0.8v, = 0 and 0.8v; +1.6 v, = 0, s0 vy = 2v4
and 0.8v; +3.2v; = 0, forcing v = 0 again.

Definition 0.3 (Similar matrices). Two p X p matrices A and B are similar [3] if
B = P 1 AP for some invertible p x p matrix P (Definition 6 in Special Matrices and
Decompositions).

1 Remark (Similarity read both ways)

Remark 0.1 (Similarity read both ways). If P is invertible, then P~! is invertible with
inverse P:

P 'P=PP!
= Ip
(2) is the condition of Definition 6 in Special Matrices and Decompositions for P!

with P as the other factor, and that factor is unique (Remark 3 in Special Matrices
and Decompositions). If B =P~ AP, then

PBP ! =P (P !AP)P! (substitute B)
= (PP 1)A(PP!) (Theorem 5 in Matrices)
=1,AI, (Definition 5 in Special Matrices and Decompositions)
= A, (Theorem 8 in Matrices)

and the same steps with P and P~! exchanged turn A = PBP~! back into B = P"'AP.
So B = P !AP exactly when A = PBP~!, and similarity goes both ways: A is similar
to B through P~!, whose inverse is P.

Example 0.8 (A matrix similar to a diagonal one). Let A = ﬁ ;] and P = E _11]
Then
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P2 = [1 11 i—i(_—ll)l ) 11. 11:_(1_1;(__1;) (Definition 7 in Matrices)
= [(2) g] (arithmetic)
=21, (Definition 6 in Matrices, Definition 12 in Matrices)
S0
P(;P)=3P?
~1,
and likewise (3 P)P = I, (Theorem 7 in Projections and Linear Systems): P~! = 1 P
(2). Then
P'AP = (; P)AP (substitute P~1)
= 1 (PAP) (Theorem 7 in Projections and Linear Systems)
= 1P (AP) (Theorem 5 in Matrices)
=1 B _11] B _11] (Definition 7 in Matrices, for AP)
L6 0 o .
=2lp 2 (Definition 7 in Matrices)
3 0 " . .
=0 1l (Definition 6 in Matrices)

so A is similar to diag(3,1). At the other extreme, the identity matrix is similar only to
itself:
PP —P'P

for every invertible P (Theorem 8 in Matrices, 2).

Theorem 0.6 (Similar matrices have the same eigenvalues). If B = P~YAP (Defini-
tion 0.3), then v is an eigenvector of A for A exactly when P*12 is an eigenvector of B
for X. So A and B have the same eigenvalues.
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i Proof

Proof. From A to B. Let Av = Av with v # 0, and w = P_lg. Then

Bw = (P"'AP) (P 'v) (substitute B and w)
=P 'A(PP ')y (Theorem 5 in Matrices)
=P A Iv (Definition 5 in Special Matrices and Decompositions)
=P 'Av (Theorem 8 in Matrices)
=P ' (Av) (Theorem 5 in Matrices)
=P 1 () (eigenvector)
=A\w (Theorem 7 in Projections and Linear Systems)

(Theorem 8 in Matrices, 2, Theorem 5 in Matrices, Definition 13 in Matrices), which is
false.
From B to A. By Remark 0.1,

A =PBP!
= (P ) 'BP,

so the first part, with P~! in place of P and the roles of A and B exchanged, shows that
ifw= Pflg is an eigenvector of B for A, then Pw is an eigenvector of A for A; and

Pw = PP’lg
=Y
(Theorem 5 in Matrices, 2, Theorem 8 in Matrices). O

Example 0.9 (Eigenvectors carried across a similarity). In Example 0.8, B = diag(3, 1)
has eigenvectors (1, 0) for 3 and (0, 1) for 1: diag(3,1) (1,0) = (3,0) and diag(3,1) (0,1) =
(0,1). P(1,0) = (1,1) and P (0,1) = (1,—1) are the eigenvectors of A for 3 and 1 found
in Example 24 in Special Matrices and Decompositions.

10
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Theorem 0.7 (Eigenvectors for distinct eigenvalues are linearly independent). If vy, ..., vy

are eigenvectors of a p X p matriz A for eigenvalues Ay, ..., A, that are all different, then
Uy, ..., Uy are linearly independent (Definition 1 in Subspaces and Rank).
i Proof

Proof. By induction on k. For k=1, vy # 0 is hnearly independent on its own. Suppose
the result holds for k — 1 eigenvectors, and Z ¢;v; = 0. Then

M»

0= (A —\I,) (multiply the supposed equation by A — A\ T))

=1

I

©
Il
—

c; (A—=X\I,)v

[ 21

(Theorem 4 in Subspaces and Rank)

(3

I
M=

c; (N —Ap)v;  (Theorem 0.3, part 1, with s = —\)

i—1
k—1
= > c; (A —Ap)v;.  (thei=Fk term is 0)
i=1
By the induction hypothesis vy, ..., v, are linearly independent, so every c; (N—=X) =0
for ¢ < k, and since A\, # A, every ¢; = 0 for i < k. The supposed equation then reads
v, = 0 with vy, # 0, so ¢, = 0 too. O

Example 0.10 (Independent eigenvectors). The eigenvectors (1,1) for 3 and (1,—1) for
1 of Example 24 in Special Matrices and Decompositions are linearly independent, as
Theorem 0.7 says they must be: ¢;(1,1) + cy(1,—1) = (¢ + ¢, ¢; — ¢5) is 0 only if

61262
= 0.

Two eigenvectors for the same eigenvalue need not be independent: (1,1) and (2,2) are
both eigenvectors for 3.

Definition 0.4 (Diagonalizable matrix). A p x p matrix A is diagonalizable [4] if
A = XAX! for some invertible p x p matrix X and diagonal p x p matrix A (Definition 4
in Special Matrices and Decompositions); by Remark 0.1, that is the same as A = X ' AX,
so a diagonalizable matrix is one similar to a diagonal matrix (Definition 0.3).

Example 0.11 (Diagonalizable and not).

11
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e A= E ;] is diagonalizable: with P as in Example 0.8, diag(3,1) = P lAP.

00
eigenvalues of A are its diagonal entries (Theorem 0.4, since a diagonal matrix is
upper triangular) and are the eigenvalues of J (Theorem 0.6), of which 0 is the only
one (Example 0.2). So A = 04,5, and then

o J = {0 1] is not. Suppose J = XAX! so A = X1JX (Remark 0.1). The

= 05,5

(1), which it is not.

Theorem 0.8 (Diagonalizable means a basis of eigenvectors). A p x p matriz A is
diagonalizable (Definition 0.4) exactly when it has p linearly independent eigenvectors.
Then A = XAX ™! with the eigenvectors as the columns of X and their eigenvalues, in
the same order, on the diagonal of A.

1 Proof

Proof. Let X have columns 2, ..., 7, and A = diag(\y, ..., A,). Column j of AX is Az,
and column j of XA is X times column j of A (1), which is
X (Aje5) = A; (Xey)
=AZ;

(Theorem 7 in Projections and Linear Systems, Theorem 3 in Subspaces and Rank), so

AX = XA < Ax; = \z; for every j. (1)

Also, X has rank p exactly when its p columns are linearly independent (Definition 2 in
Subspaces and Rank), which by Theorem 0.1 is exactly when X is invertible.
Eigenvectors give a diagonalization. If z,, ..., z, are linearly independent eigenvectors,
then X is invertible and Equation 1 gives AX = XA, so

A=Al (Theorem 8 in Matrices)
= A (XX 1) (Definition 5 in Special Matrices and Decompositions)
= (AX)X™! (Theorem 5 in Matrices)

= XAX1.  (AX =XA)

A diagonalization gives eigenvectors. If A = XAX !, then

12
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AX = (XAX 1) X (substitute A)
= XA (X7!X) (Theorem 5 in Matrices)
=XATI, (

= XA, (Theorem 8 in Matrices)

Definition 5 in Special Matrices and Decompositions)

so each column satisfies Az; = A\;z; (Equation 1). X is invertible, so its columns
are linearly independent, and in particular nonzero; they are p linearly independent
eigenvectors. O

Example 0.12 (Building the diagonalization from eigenvectors). The eigenvectors (1, 1)

2 1 1 1
and (1,—1) of A = [1 2} are linearly independent (Example 0.10), so with X = [1 1]
and A = diag(3,1), A = XAX™!; by Remark 0.1 this is the similarity of Example 0.8,
with X = P. Because A is symmetric, Theorem 12 in Special Matrices and Decompositions
even gives such a factorization with orthonormal eigenvectors (Definition 18 in Special
Matrices and Decompositions): dividing each column of X by its length v/2 gives one. By
contrast, every eigenvector of J in Example 0.2 has the form (¢,0), so any two of them
are multiples of each other, and J has no two linearly independent eigenvectors: another
way to see that it is not diagonalizable.

Corollary 0.1 (Distinct eigenvalues make a matrix diagonalizable). A p X p matriz with
p different eigenvalues is diagonalizable.

i Proof

Proof. Choose one eigenvector for each eigenvalue. These p eigenvectors are linearly
independent (Theorem 0.7), so the matrix is diagonalizable (Theorem 0.8). O

Example 0.13 (A triangular matrix with distinct diagonal entries). U of Example 0.6
has the three different eigenvalues 2, % and —1 (Theorem 0.4), so it is diagonalizable, even
though it is not symmetric, so Theorem 12 in Special Matrices and Decompositions does
not apply to it. The converse fails: I, is diagonal, hence diagonalizable (I, = I, I, I;1),
but has only the eigenvalue 1.

Theorem 0.9 (Powers of a diagonalizable matrix). If A = XAX™! (Definition 0.4)
with A = diag(\y, ..., A, ), then for every positive integer k, AF = XAFX and AF =
diag(\}, ...,)\’;).
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i Proof

Proof. Powers of A. If D = diag(dy,...,d,) and E = diag(ey, ..., ¢,), with entries d;
and e; (so d;; = d; and ej; = e;), entry (i, j) of DE is 3 d;; e;; (1), where d;; = 0 unless
I =1iand e; = 0 unless [ = j. For i # j no term survives, so the entry is 0; for i = j
only | = i survives, giving d; e;. So DE = diag(d, ey, ... ,dpep), and induction on k gives
AP = diag(Af, ..., AF).

Powers of A, by induction on k. k =1 is the assumption. If it holds for k — 1,

AF = AFTA (
= XAFIXTA (
= XAFIX I XAX ! (the assumption)

= XA (X1X)AX"! (Theorem 5 in Matrices)

(
(
(

Definition 2 in Special Matrices and Decompositions, Theorem 5 in Matrices)

induction hypothesis)

= XAFT I, AX 1 Definition 5 in Special Matrices and Decompositions)
= XAFTAX ! Theorem 8 in Matrices)
= XAFX1, Definition 2 in Special Matrices and Decompositions)

O]

Example 0.14 (A closed form for the powers). For A = E ﬂ , with X as in Example 0.12
and X~ = 1 X (Example 0.8),

Ak =X diag(3k,1) X! (Theorem 0.9)

=X diag(3¥,1) (3 X)  (substitute X 1)

= 1 X diag(3",1)X (Theorem 7 in Projections and Linear Systems)

L3 11 1 . _ . ok
= (Definition 7 in Matrices, for X diag(3%,1))

23k —1) |1 -1
k41 3k—1
o l o . . .
=1 [3k 1 ogkgalt (Definition 7 in Matrices)
For k = 2 this gives % [180 180} = [i ﬂ, which matches A? in Example 0.5.
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Gram matrices, Schur complements and Cholesky

(]
1 Source

This section is adapted from Zhou [5], used under the MIT License (see the license
text in Section 2 in Subspaces and Rank). The source’s eigenvalue and quadratic-form
characterizations of definiteness are covered in these notes already (Theorem 17 in Special
Matrices and Decompositions). These parts of the source are left out:

e its covariance test, which needs probability

e its material on minimization

e its positive semidefinite version of the Schur complement test

e its pivot test

o its Hadamard-product “Schur lemma”

e its notes on the LU factorization and computational cost

o its statement that a nonnegative combination of positive semidefinite matrices is
positive semidefinite (Theorem 0.11 states the positive definite version)

« its section on the ellipse az? + 2bxy + cy? = 1, with its worked example of a positive
definite and an indefinite matrix

e its numerical example of the Cholesky factorization

The source leaves the Schur complement test unproved; it is proved here from a block
expansion of the quadratic form, and the Cholesky factorization is derived from it.

Theorem 0.10 (Definite matrices are Gram matrices). Let A be a p X p matriz.

1. A is positive semidefinite (Definition 21 in Special Matrices and Decompositions)
exactly when A = BTB for some matriz B with p columns.

2. A is positive definite (Definition 22 in Special Matrices and Decompositions) exactly
when A = BB for some matriz B with p linearly independent columns.

i Proof
Proof. If A = B'B. A is symmetric, since

(B'B) =BT (B)'
=B'B

(Theorem 17 in Matrices, Definition 3 in Matrices). For any ,
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2" Az =2"B' Bz  (substitute A)
= (B;E)T (Bx) (Theorem 17 in Matrices, Theorem 5 in Matrices)
= |Bz|? (

> 0. (Theorem 1 in Inner Products and Orthogonality)

Equation 2 in Vectors, squared)

If the columns of B are linearly independent, then V(B) = {0} (B is the combination
of the columns with coeflicients z;, Theorem 3 in SubspacesN and Rank, and only the
zero combination is 0, Definition 1 in Subspaces and Rank), so for x # 0, Bx # 0 and
IBz|> >0 (TheoremNI in Inner Products and Orthogonality, part 1).

OnNIy if. Let A be positive semidefinite. It is symmetric, so A = QAQ' (Theorem 12
in Special Matrices and Decompositions), and every A; > 0 (Theorem 17 in Special
Matrices and Decompositions). Let Al/2 dof diaug(\/)T1 sy \/E), which is symmetric,
with AV2AY2 = A (the product of diagonal matrices multiplies their diagonals, as in the

proof of Theorem 0.9), and let B ©TA1/2QT. Then

B'B= (QT)T (A1/2)T AY2QT  (Theorem 17 in Matrices)
=QAYV2AY2QT (Definition 3 in Matrices; A'/? is symmetric)
:QAQT (A1/2A1/2 :A)
(

=A. Theorem 12 in Special Matrices and Decompositions)

If A is positive definite, it is positive semidefinite (Remark 19 in Special Matrices and
Decompositions), so the same B gives A = B'B; and every \; > 0 (Theorem 17
in Special Matrices and Decompositions), so AY? is diagonal with nonzero diagonal,
and invertible (its inverse is diag(1/y/A, ..., 1/ VAp)); QT is invertible with inverse Q
(Remark 6 in Special Matrices and Decompositions). So B is invertible (Theorem 1
in Special Matrices and Decompositions), and its p columns are linearly independent
(Theorem 0.1, Definition 2 in Subspaces and Rank). O

Example 0.15 (Gram factorizations).

1 1
1 1
Example 30 in Special Matrices and Decompositions; the two columns of R, 1 and 1,
are dependent, so part 2 does not apply to R; R'R is in fact not positive definite
(Example 32 in Special Matrices and Decompositions).

« WithR=1[1 1] (1x2), R'TR = [ ], the positive semidefinite matrix of

11
e With X = |1 2] , whose columns are independent (Example 2 in Subspaces and
1 3
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Rank), XX = [2 1 4} (Example 1 in Projections and Linear Systems) is positive
definite.
e D= ; f of Example 32 in Special Matrices and Decompositions is symmetric

but not positive semidefinite, so by part 1 it is not B' B for any B.

Theorem 0.11 (Operations that preserve definiteness).

1. If C is a p X p positive definite matrix (Definition 22 in Special Matrices and
Decompositions) and A is a p x k matriz with k linearly independent columns, then
the k x k matriz ATCA is positive definite.

2. If A, and A, are positive definite p X p matrices and oy, oy > 0, then oy A} + A,
is positive definite.

i Proof

Proof. Part 1. ATCA is symmetric:

(ATCA)' =ATCT(AT)'
=ATCA
(Theorem 17 in Matrices, twice; C symmetric; Definition 3 in Matrices). For z # 0,

Ax + 0,, since the columns of A are independent (Theorem 3 in Subspaces and Rank,
Definition 1 in Subspaces and Rank), and

" (ATCA)z = (A:E)T C(Az) (Theorem 17 in Matrices, Theorem 5 in Matrices)
> 0. (C positive definite, Az # 0)

Part 2. oy A + ayA, is symmetric: its transpose is oy A, 4+ ap Ay = oy A; + anA,
(Theorem 16 in Matrices, Definition 6 in Matrices, Definition 3 in Matrices). For x # 0,

T (A +apAg)z =12 (0qA))z+ 2" (pAy)z  (Theorem 6 in Matrices, twice)
=z’ Az oy Ay (Theorem 7 in Projections and Linear Systems)
> 0. (each term is positive)
0
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Example 0.16 (Building positive definite matrices).

o With C = I; and X of Example 0.15, part 1 gives again that XX is positive
definite.

o With oy = 2, A; = I, (Example 32 in Special Matrices and Decompositions),
oy =1 and

I3 6
- |6 14

(Example 0.15), part 2 gives that 2I, + XX = [2 166] is positive definite.

11 1 2
semidefinite; its quadratic form is &3 423 + (2, +x5)* > 0 for 2 # 0, so it is positive
definite, in line with its eigenvalues 3 and 1 (Example 24 in Special Matrices and
Decompositions).

1 1 2
o An aside beyond part 2: I, + [ ] = [ ] is positive definite plus positive

1

e Independence is needed in part 1: with A = [ 11

], whose columns are equal,

5 2], and (1,—1) gives quadratic form 0.

Theorem 0.12 (A positive definite matrix is invertible). Every positive definite matrix
(Definition 22 in Special Matrices and Decompositions) is invertible (Definition 6 in
Special Matrices and Decompositions).

i Proof

Proof. Let A be a p X p positive definite matrix, and let z be a vector of length p with
Az =0,. Then

QNUTAg =qa! (Az) (Definition 11 in Special Matrices and Decompositions)
! (Az =0,)
(every term of the inner product is 0)

If z * 0,, then :ETA:E > 0 because A is positive definite, which contradicts :NUTAQE = 0.
So z = 0,,, the null space N (A) is {Qp}, and A is invertible by Theorem 0.1. O
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Example 0.17 (Positive definite matrices are invertible; the converse fails). A = E ;]

is positive definite, since
o' Az = 223 + 2z, 2y + 203 (multiply out)
= 2% + 23 + (z; +25)%, (expand the square)

which is 0 only when z; = z, = 0. It is invertible, with (A)*l — é [_21 —21]

1 2
The converse fails. D = [ ] of Example 32 in Special Matrices and Decompositions is

21

_ -1 2
not positive definite, yet it is invertible: (D)™ = 3 [ 5 _J.

Theorem 0.13 (Adding a positive multiple of the identity makes a matrix positive
definite). Let A be a p x p positive semidefinite matriz (Definition 21 in Special Matrices
and Decompositions) and let o > 0. Then A + al,, is positive definite (Definition 22 in
Special Matrices and Decompositions), so it is invertible (Theorem 0.12).

i Proof

Proof. A + al,, is symmetric: its transpose is AT + al, = A + oI, (Theorem 16 in
Matrices, Definition 6 in Matrices, Definition 3 in Matrices). For xr#0,,

;ET (A+al))z = :ETAg +a :ET I,z (Theorem 6 in Matrices, Theorem 7 in Projections and Linear Systems

=z" Az + ofz|? (Theorem 8 in Matrices, Equation 2 in Vectors, squared)
> 0. (z'Az >0, a>0, z#0,)

Example 0.18 (Repairing a singular matrix). B = ! 1] of Example 30 in Special

11
Matrices and Decompositions is positive semidefinite and singular: B(1,—1) = 0,. With
a=1,

2 1
B+I2:[1 2]’

which is positive definite and invertible by Example 0.17.
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Corollary 0.2 (XX is invertible exactly when X has full column rank). For an n x p
matriz X, the p x p matriv XX is invertible (Definition 6 in Special Matrices and
Decompositions) exactly when rank(X) = p (Definition 3 in Subspaces and Rank).

i Proof

Proof. The following statements are equivalent:

X "X is invertible <= N(X'X) = {0,} (Theorem 0.1)
= N(X) = {Qp} (Theorem 5 in Column Space, Null Space and Rank-Nullit
<= X has full column rank. (Theorem 3 in Column Space, Null Space and Rank-Nullit
O
1 2
Example 0.19 (A design matrix with a repeated column). X = |1 2| of Example 2 in
1 2
Subspaces and Rank has rank 1 < 2. Its cross-product matrix is
3 6
TY _
X X= [6 12} ’

which is singular: (2, —1) is in its null space, because X(2, —1) = 05 (Example 5 in Column
Space, Null Space and Rank-Nullity). For the full-column-rank matrix of Example 1 in
Projections and Linear Systems, X "X is invertible.

Definition 0.5 (Block matrix). Split the rows of an m x n matrix X into the first £ and
the last m — k, and its columns into the first [ and the last n — [, with 1 < k < m and
1 <1 < n. This cuts X into four smaller matrices, its blocks:

A B
x=e o)

where A (k x [) holds the entries z,; with ¢ < k and j <, B (k x (n —1)) those with
i<kand j>1I, C ((m—k)xl) those withi >k and j <[, and D ((m—k) x (n—1))
those with ¢ > k and j > [, each in its original order. A matrix written this way is a
block matrix [6].

Example 0.20 (Cutting a 3 x 3 matrix into blocks). With

20


linear-algebra-special-matrices.html#def-invertible-matrix
linear-algebra-special-matrices.html#def-invertible-matrix
linear-algebra-subspaces.html#def-full-column-rank
linear-algebra-rank-nullity.html#thm-null-gram
linear-algebra-rank-nullity.html#thm-independent-null-space
linear-algebra-subspaces.html#exm-rank
linear-algebra-subspaces.html#exm-rank
linear-algebra-rank-nullity.html#exm-independent-null-space
linear-algebra-rank-nullity.html#exm-independent-null-space
linear-algebra-projections.html#exm-gram-invertible
linear-algebra-projections.html#exm-gram-invertible

=1,
4 2 1
A B 2 5 3
BB e oof ool

For instance, entry (1,2) of D is

Li+1,241 = L23
= 3.

With

k=1
=2

instead, the leading 2 x 2 block is [;L é]

Definition 0.6 (Leading block of a square matrix, top-left block). When X is n x n and
1 <k <n, the k x k matrix of the entries z,; with i, j <k is the leading (or top-left)
k x k block of X; for £ < n it is the block A of Definition 0.5 with [ = k, and for k =n
it is X itself.

Theorem 0.14 (Leading blocks of a positive definite matrix are positive definite). Let X
be a p X p positive definite matriz (Definition 22 in Special Matrices and Decompositions),
and for 1 <k <p let X}, be its leading k x k block (Definition 0.5), with entries x;; for
i,j < k. Then X, is positive definite. Also, every diagonal entry of a positive definite
matriz is positive.

Proof
Proof. X, is symmetric, because X is. For u € R* with u # 0, let y =
(tq, -y uy,0,...,0) € RP, which is nonzero, with entries y; = u, for i < k and y, =0 for
i > k. Then
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k_k
ul X u = Z Z u; z;;u; (Definition 13 in Matrices, Definition 8 in Vectors)
=1 j=1

k
= Zzyixijyj (y; = u,; for i <k)
j=1
PP
= Z Z Y; r;;y; (each added term has a factor y; = 0 or y; = 0)
=1 j=1
=y' Xy (Definition 13 in Matrices, Definition 8 in Vectors)

(X positive definite, y # 0)

For the diagonal entry z,;, take e; (Definition 18 in Vectors), which is nonzero:

179

PP
TXe, = Z Z(gi)r T, (e;)s (Definition 13 in Matrices, Definition 8 in Vectors)

x (only the term with r and s both equal to ¢ is nonzero)
> 0. (X positive definite)

1
its diagonal entries 2,2 and its 1 x 1 leading block [2] are positive. The test can only rule
matrices out: —I, has negative diagonal entries, so it is not positive definite, even though

Example 0.21 (A quick necessary test). [2 ;] is positive definite (Example 0.16), and

det(—1I,) = (~1)(—1) — 0
=1
>0

(Definition 26 in Special Matrices and Decompositions); a positive determinant alone
does not make a matrix positive definite. And positive diagonal entries are not enough:

2 1
positive definite.

1 2
D= [ ] of Example 32 in Special Matrices and Decompositions has them but is not

Theorem 0.15 (The quadratic form of a block matrix). Let k,m > 1, let A be a
symmetric k X k matriz, B a k X m matriz and C a symmetric m x m matriz, and let X
be the (k+m) x (k+m) block matriz (Definition 0.5)
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A B
— | kxk kxm
b : U e

oo
mxk mxXm

that is, x;; = a;j, T; i = bijy Tpyy j = by and Ty s = ¢;; for indices in range. X is
symmetric (Definition 3 in Special Matrices and Decompositions):

Thrij = bji
= Lj k+i

and A and C are symmetric. Split v € RF™ as v= (g,%)), with u € R* its first k entries
and w € R™ the rest. Then

v'Xy=u'Au+2u By +w' Cy, (2)
d d
and if A is invertible, with S :efC —B"A'B and z :efg + A_IBINU,
v'Xy=z Az +w'Sw.
i Proof

Proof. Xg in blocks. For ¢ < k,

k+m
(Xv); = Z T, (Definition 13 in Matrices)
=1
k m
= inj v; + meﬂ- Vky; (split the sum at j = k)
=1 =1
k m
= Z a;;u; + Z b w; (the blocks of X and of v)
=1 =1
= (Au); + (Bw),, (Definition 13 in Matrices)

The expansion.

v Xwv

~ ~

u,; (Xv); + Z w; (X0) 44 (Definition 8 in Vectors, split the sum at k)
=1

I
M=

1 —
u- (Au+ Bw) +w- (B'u+ Cuw)

=u'Au+u'Bw+w BTu+w'Cw

.

I
S

the blocks of Xv)

Theorem 5 in Direct Sums and Orthogonal Complements)
w'BTu = (%;TBTINL)T, which equals " Bw; 1 x 1, Definition 3

combine like terms)

=u'Au+u'Bw+u'Bw+w'Cw

= LLTATNL + 2 gTBINU + tNUTCINu.

—~~ ~~

23


linear-algebra-special-matrices.html#def-symmetric-matrix
linear-algebra-matrices.html#def-matvec-mult
linear-algebra-matrices.html#def-matvec-mult
linear-algebra-vectors.html#def-dot-product
linear-algebra-direct-sums.html#thm-dot-linear
linear-algebra-matrices.html#def-matrix-transpose
linear-algebra-matrices.html#thm-transpose-product

Completing the square. Write d A 1Bw so z =u+d and Ad = Bw (Theorem 5
in Matrices, 2, Theorem 8 in Matrlces) Alis symmetrlc (Corollary Lin Spemal Matrices
and DeCOInpOSItIOHb). Then

2TAz=(u+d) -A(u+d) (substitute z = u + d)
R (12 + é) . (A1N:+ ;g) (Theorem 6 in Matrices)
= %T Au + QTAQ + QTA% + chTAcNi (Theorem 5 in Direct Sums and Orthogonal Complements, bot
=u'Au+u'Ad+u'Ad+ chTAcNZ (as in the expansion, with AT = A)
=u'Au+2u"Ad+d'Ad (combine like terms)
=u'Au+2u"'Bw+ dTBw (Ad = Bw, twice)
= ELTA'LNL +2 gTBftg + 1~0T BTA_IB’LNU, (alT = %]TBTA L Theorem 17 in Matrices, Corollary 1 in Spec
and

w'Sw=w" (C-BTA'B)w (substitute S)
= g}T (Cw — BTA_IB’LNU) (Theorem 7 in Projections and Linear Systems, difference rule on the rig

= g}TCg) — g}T BTA_IB%). (Theorem 7 in Projections and Linear Systems, difference rule on the leff
Adding the two displays, the ZNUT BTAleINU terms cancel, leaving QNLTAINL—FQ QTBQJ—HNUT Cuw,
which is ETXQ by Equation 2. O

a b

Example 0.22 (The 2 x 2 case). For X = [b c] (k=1and m = 1) and a # 0, the

theorem reads
au2+2buw+cw2 Za(u+§w)2+ (c— g)MQ’
with v = (u,w): the familiar completing of the square. With

a =

and b=14

5(u+0.8w)? +1.8w? =5 (u?+ 1.6 uw + 0.64w?) + 1.8 w?
= 5u? + Suw + 3.2w? + 1.8 w?
= 5u? + Suw + 5w?.
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Definition 0.7 (Schur complement). For a block matrix X = [A B] as in Theo-

B' C
rem 0.15 with A invertible, the Schur complement [7] of A in X is the m x m matrix
S = C—B'"A !B defined in Theorem 0.15.

Example 0.23 (Schur complements of 2 x 2 matrices).

54l a
o For [4 5] with A = [5]:
S=5—-4-1.4
_ 25 _ 16
5 5
_9
59
that is, S = [2].
1 2]
. ForD—[2 1] with A = [1]:
S=[1-2-1-2]
= [-3].

o For [(1] (1)] the top-left block [0] is not invertible, so there is no Schur complement
of it.

A
BT
Then X is positive definite (Definition 22 in Special Matrices and Decompositions) exactly
when A is positive definite and its Schur complement S (Definition 0.7) is positive definite.

Theorem 0.16 (Schur complement test). Let X = [ 2] be as in Theorem 0.15.

1 Proof

Proof. If. A is positive definite, so invertible (Theorem 18 in Special Matrices and
Decompositions), and S is defined. X is symmetric. Let v = (u,w) # 0 and z =
ut+ A le By Theorem 0.15, UTX’U = ZTAZ + wTSw and both terms are at least 0.
If w# 0, the second term is posmve If w =0, “then u 75 0 and z = u, so the first term is
p051t1ve Either way ETXQ > 0.

Only if. A is the top-left & x k block of X, so it is positive definite (Theorem 0.14), and
invertible (Theorem 18 in Special Matrices and Decompositions). S is symmetric:
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B'A'B) =BT (A1) B

=B"A'B

(Theorem 17 in Matrices, Definition 3 in Matrices for (BT)T = B, Corollary 1 in Special
Matrices and Decompositions), and C is symmetric, so S = C—B " A~!B is symmetric (the
transpose of a difference is the difference of the transposes, entry by entry, Definition 3
in Matrices). For w # 0, take v = —A™1Bw, so z = 0 and v = (u,w) # 0; then
w'Sw = v Xv >0 ZTheoNrem O.lg). - o h oo - O

Example 0.24 (Testing 2 x 2 matrices). A symmetric [Z

when a > 0 and ¢ — % > 0, that is, @ > 0 and ac > b? (a 1 x 1 matrix [s] is positive
definite exactly when s > 0, since ' sz = sz?).

b
c] is positive definite exactly

* [i g] 5> 0 and % > 0 (Example 0.23), so it is positive definite.

1 2
2 1
Decompositions found directly.

e D= [ ] : 1> 0but S = -3, so it is not, as Example 32 in Special Matrices and

Theorem 0.17 (Cholesky factorization). A p x p matriz A is positive definite (Def-
inition 22 in Special Matrices and Decompositions) exactly when A = LL' for some
lower triangular L (Definition 8 in Projections and Linear Systems) with positive diagonal
entries. For a positive definite A that L is unique; it is the Cholesky factor [8] of A.

i Proof

Proof. If. L' is upper triangular with positive diagonal (Definition 3 in Matrices), so
LTg = 0 only for z = 0 (Theorem 17 in Projections and Linear Systems), and the
columns of LT are linearly independent (Theorem 3 in Subspaces and Rank, Definition 1
in Subspaces and Rank). So A = (LT)T L' (Definition 3 in Matrices) is positive definite
(Theorem 0.10, part 2).

Only if, with uniqueness, by induction on p. For p = 1, A = [a| with a > 0
(Theorem 0.14), and [c] [¢] = [a] with ¢ > 0 holds exactly for ¢ = \/a. For p > 1, assume
every (p—1) x (p— 1) positive definite matrix has exactly one such factor, and split off
the first row and column. A is symmetric, so its first row is the transpose of its first
column:
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A — {an QT} L= [611 91><(p—1):| LT = [ lyq gTT]
Q Asl’ g Ly, ’ 0(p—1)><1 Ly |’
with b, g € RP™!, where b; and g, are entries (i41,1) of A and L, and (Ay,),; and (Ly,),;
are their entrles (i+ 1,5+ 1); LT has this form by Definition 3 in Matrlces Apxp
matrix L is lower triangular with positive diagonal exactly when ¢;; > 0, its first row is
otherwise zero, and L, is lower triangular with positive diagonal, g can be anything. So
choosing L means choosing 511 > 0, g and such an Ly,.

Entry (,4) of LLT is Zp Ciy Ly, With £, entry (i,7) of L (1, Definition 3 in Matrices).
Row 1 of L is (¢4, ,...,0)7 and row i + 1 is (g;, (Lag)s1, - (Lgg); 1) So, for i,j =
1,....p—1:

P
(LLT)H =l by + ZO -0

r=2
=03, (rows 1 and 1)

p
(LLT>¢+1,1 =g;{; + Z(Lm)i,rq -0
r=2

=411 9;, (rows i+ 1 and 1)

(LLT)i+1,j+1 =9;9; t Z<L22>i,r—1 (Lag)jr—1 (rowsi+1and j+1)
r=2

= (ggT)Z] + (LQQLQQT)U. (Definition 7 in Matrices, with s =7 —1)

Entry (1,j+ 1) is £1; g; by the same computation with the roles swapped, the transpose

of the (2,1) block; it matches bT exactly when the (2,1) block matches b, which is where
the symmetry of A is used. So LLT = A says exactly

0} =ay,, €y 9= b, ggT + LgoLoy | = Ay,

ay; > 0 (Theorem 0.14), so the first equation with ¢,; > 0 forces ¢;; = ,/a;;; the second
then forces g = i b; and the third becomes

T
LyyLgy = A22 - ggT

= Ap— (&) (&)

subtract gg')

substitute g)

(
(
(
(

=Ay — Z% bb' Definition 3 in Matrices, Theorem 7 in Projections and Linear Systems)
2 s
-
:A22_TMQQ : 0 = ayy)

Here [aq,] is invertible with inverse [1/a;], so with B = QT in Definition 0.7,
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BT [a,,] 'B = Qa%l QT

ol

(Theorem 7 in Projections and Linear Systems), and the right side is the Schur complement
of [a;;] in A. Tt is positive definite by Theorem 0.16 (with &k = 1; A,, is symmetric
because A is). By the induction hypothesis it has exactly one factor Lo, of the required
kind. So L exists and is unique. O

Example 0.25 (Two Cholesky factors).

: A:[;l g]

:2’
Uy =2/2
and
(3, =5—12
=4,
2 0
s0€22:2:L:[1 2],and
2.2 2.1
T
LL _{1-2 1-1+2-2
=A.
5 4
- 1y 5:511:\/5,621:4/\/5,%(1
@2:5_1*56
_9
57

the Schur complement of Example 0.23, so {5, = %

o ForD:[2 1

1 2] the method breaks down:
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2, =1—4
=-3

has no real solution, matching the failure of the Schur complement test (Exam-
ple 0.24).
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