Induction and Recursion
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Remark

Remark. A proof by induction proves a proposition about every integer from some starting
integer on. A sequence defined by a rule on its earlier terms is the usual place to use it.
This page defines such sequences, then adds the stronger form, strong induction, that
they often need.

Recursively defined sequences

Definition 0.1 (Recursively defined sequence). Let n, be an integer and m a positive
integer. A sequence a,, ,a, ,i,... is recursively defined [1] by two things:

1. Initial terms: specific values for a,, ..., 4, jm—1-
2. Recurrence: a rule that gives a,, from the m entries a,,_;,...,a,,_,, just before it,
for every integer n > ngy + m.

The initial terms and the recurrence together fix every term: the first m entries are given,
and each later entry follows from the m entries before it.

Example 0.1 (Powers of 3). The sequence ag,ay,... with initial term a; = 1 and
recurrence a,, = 3a,,_; for n > 1 has m = 1, and its terms are 1,3,9,27,... A proof by
induction shows a,, = 3" for every integer n > 0, using the recurrence in the inductive
step: if a,,_; =371, then a, =3-3""1 = 3"

Definition 0.2 (Fibonacci sequence). The Fibonacci sequence F}, Fj, ... [2] is the
recursively defined sequence with m = 2, initial terms F} = 1 and F,, = 1, and recurrence
F,=F, |+ F,_, for every integer n > 3.
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Example 0.2 (The first Fibonacci numbers). Fy = Fo+F, =14+1=2, F, =F;+ F, =
24+1=3,F;=F,+F;=3+2=5,and Fy = F; + F;, =5+ 3 = 8. So the sequence
begins 1,1,2,3,5,8, ...

Strong induction

Definition 0.3 (Proof by strong induction). Let n, be an integer, and let P(n) be a
predicate about the integers n > ny. A proof by strong induction [3] on n shows that
P(n) holds for every integer n > n, by showing one thing: for every integer n > ny, if
P(k) holds for every integer k with ny < k < n, then P(n) holds.

The assumption that P(k) holds for every integer k with ny, < k < n is the strong
induction hypothesis.

For n = ny no integer k satisfies ny, < k£ < n, so the strong induction hypothesis is
vacuously true, and the proof for n = n, is a base case. When the proof for n needs
particular earlier cases that do not exist for the first few n, those few cases are shown
separately as further base cases.

Example 0.3 (Every term of the Fibonacci sequence is less than a power of 2). Let
F|, F,, ... be the Fibonacci sequence. To prove F,, < 2" for every n € N, let P(n) be the
inequality F,, < 2" and use Definition 0.3 with n, = 1.

Base cases, n = 1 and n = 2. The step below uses the two entries F,, ; and F, o
before F,,, which do not exist for n = 1 and n = 2, so these two cases are shown directly:

F=1<2=21 (1<2)
Fy=1<4=2% (1<4)
Step of the strong induction, n > 3. Let n > 3, and suppose P(k) holds for every

integer £ with 1 < k <n. Then k =n —1 and £ = n — 2 both satisfy 1 < k < n, so
F, ,<2"1and F,_, < 2" 2. Therefore

n

F,=F, +F, , (definition of F, , since n > 3)
< 2n71 49772 (strong induction hypothesis, twice)
<2mlpont o (n2 <2n
=2.2n"1 (a+a = 2a)
—on, (2271 = 2m)

which is P(n). By Definition 0.3, F,, < 2" for every n € N.
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Further reading

o Velleman [4] is a structured introduction to proof techniques, including proof by induction.
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