
Midterm 1 note sheet
Linear regression

Intercept trick 𝐷∼ (𝑥
∼
) = [1, 𝑥1, … , 𝑥𝑝]⊤

Predictor matrix 𝐱 = [𝑥
∼1, … , 𝑥

∼𝑛]⊤ ∈ ℝ𝑛×𝑝

Design matrix 𝐷(𝐱) = [𝐷∼ (𝑥
∼1), … , 𝐷∼ (𝑥

∼𝑛)]⊤

Design matrix shape 𝐷(𝐱) ∈ ℝ𝑛×𝑝∗

Coefficient vector shape ⃗𝛽 ∈ ℝ𝑝∗

Predictions ̂𝑦
∼

= 𝐷(𝐱) ⃗𝛽

Risk 𝑅( ⃗𝛽) = 𝔼[( ⃗𝛽 ⋅ 𝐷∼ (𝑥
∼
) − 𝑦)2]

Sample MSE sMSE( ⃗𝛽) = 1
𝑛 ∑𝑛

𝑖=1( ⃗𝛽 ⋅ 𝐷∼ (𝑥
∼𝑖) − 𝑦𝑖)2

Sample MSE, matrix form sMSE( ⃗𝛽) = 1
𝑛 ∥𝐷(𝐱) ⃗𝛽 − 𝑦

∼
∥2
2

Normal equations 𝐷(𝐱)⊤𝐷(𝐱) ̂⃗𝛽 = 𝐷(𝐱)⊤𝑦
∼

Unique solution condition det(𝐷(𝐱)⊤𝐷(𝐱)) ≠ 0

Solution ̂⃗𝛽 = (𝐷(𝐱)⊤𝐷(𝐱))−1𝐷(𝐱)⊤𝑦
∼

Fitted values ̂𝑦
∼

= 𝐷(𝐱) ̂⃗𝛽

Residual vector ̂𝜀
∼

= 𝑦
∼

− ̂𝑦
∼

Feature expansion

Feature map 𝐷∼ ∶ ℝ𝑝 → ℝ𝑝∗

Linear model in the features ℎ(𝑥
∼
) = ⃗𝛽 ⋅ 𝐷∼ (𝑥

∼
)

Monomial 𝑚(𝑥
∼
) = ∏𝑝

𝑗=1 𝑥𝑎𝑗
𝑗

Monomial degree bound ∑𝑝
𝑗=1 𝑎𝑗 ≤ 𝑑

Shapes and calculus

Matrix product shape (𝑎 × 𝑏)(𝑏 × 𝑐) → 𝑎 × 𝑐

Transpose shape 𝑎 × 𝑏 → 𝑏 × 𝑎

Dot product 𝑥
∼

⋅ 𝑦
∼

= ∑𝑛
𝑖=1 𝑥𝑖𝑦𝑖

Sample mean ̄𝑦 = 1
𝑛 ∑𝑛

𝑖=1 𝑦𝑖

Sum rule 𝑑
𝑑𝑤 ∑𝑛

𝑖=1 𝑢𝑖 = ∑𝑛
𝑖=1

𝑑𝑢𝑖
𝑑𝑤

Chain rule 𝑑ℎ(𝑢)
𝑑𝑤 = 𝑑ℎ(𝑢)

𝑑𝑢
𝑑𝑢
𝑑𝑤

Minimum: first derivative is zero 𝜕𝑅̂
𝜕𝑤 = 0

Minimum: second derivative is positive 𝜕2𝑅̂
𝜕𝑤2 > 0
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https://morrison-lab.github.io/lds/chapters/linear-regression.html#def-bias-trick
https://morrison-lab.github.io/lds/chapters/linear-regression.html#def-design-matrix
https://morrison-lab.github.io/lds/chapters/big-ideas.html#def-risk
https://morrison-lab.github.io/lds/chapters/linear-regression.html#def-regression-mse
https://morrison-lab.github.io/lds/chapters/linear-regression.html#thm-normal-equations
https://morrison-lab.github.io/lds/chapters/linear-regression.html#def-residual
https://morrison-lab.github.io/lds/chapters/linear-regression.html#def-feature-expansion
https://morrison-lab.github.io/lds/chapters/linear-regression.html#def-linear-model
https://morrison-lab.github.io/mds/linear-algebra-vectors.html#def-transpose
https://morrison-lab.github.io/mds/linear-algebra-vectors.html#def-dot-product
https://morrison-lab.github.io/sds/exploratory-descriptive.html#def-sample-mean
https://morrison-lab.github.io/mds/calculus-derivatives.html#thm-chain-rule
https://morrison-lab.github.io/mds/optimization.html#thm-fermat


Vector calculus

Linear form 𝜕
𝜕 ⃗𝛽

𝑐
∼

⋅ ⃗𝛽 = 𝑐
∼

Squared norm 𝜕
𝜕 ⃗𝛽

⃗𝛽 ⋅ ⃗𝛽 = 2 ⃗𝛽

Matrix-vector product, constant 𝐀 𝜕
𝜕 ⃗𝛽

(𝐀𝑣
∼
) = ( 𝜕

𝜕 ⃗𝛽
𝑣
∼
)𝐀⊤

Special case 𝑣
∼

= ⃗𝛽 𝜕
𝜕 ⃗𝛽

(𝐀 ⃗𝛽) = 𝐀⊤

Next rule needs 𝐒 symmetric 𝐒 = 𝐒⊤

Quadratic form 𝜕
𝜕 ⃗𝛽

⃗𝛽⊤𝐒 ⃗𝛽 = 2𝐒 ⃗𝛽

Generalization

Outcome 𝑦 = 𝜇(𝑥) + 𝜀

Noise variance Var(𝜀) = 𝜎2

Bias Bias( ̂𝑓(𝑥)) = 𝔼[ ̂𝑓(𝑥)] − 𝜇(𝑥)

Variance Var( ̂𝑓(𝑥)) = 𝔼[( ̂𝑓(𝑥) − 𝔼[ ̂𝑓(𝑥)])2]

Expected squared error ESE(𝑥) = 𝔼[(𝑦 − ̂𝑓(𝑥))2]

Expected squared error decomposition ESE(𝑥) = (Bias( ̂𝑓(𝑥)))2 + Var( ̂𝑓(𝑥)) + 𝜎2

Cross-validation estimate, equal-size-fold case 𝑅̂𝑘-fold = 1
𝑘 ∑𝑘

𝑗=1 MSE𝑗

e e−1 ln 2 ln 3 ln 4 ln 5 ln 10

Value 2.718 0.368 0.693 1.099 1.386 1.609 2.303
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https://morrison-lab.github.io/mds/vector-calculus.html#cor-deriv-lincom-tp
https://morrison-lab.github.io/mds/vector-calculus.html#cor-deriv-normsq
https://morrison-lab.github.io/mds/vector-calculus.html#thm-deriv-matrix-vector
https://morrison-lab.github.io/mds/vector-calculus.html#cor-quadratic-form-symmetric
https://morrison-lab.github.io/lds/chapters/big-ideas.html#def-noise
https://morrison-lab.github.io/lds/chapters/big-ideas.html#def-bias
https://morrison-lab.github.io/lds/chapters/big-ideas.html#def-variance
https://morrison-lab.github.io/lds/chapters/big-ideas.html#thm-bias-variance-decomposition
https://morrison-lab.github.io/lds/chapters/big-ideas.html#def-cross-validation

